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Abstract — The problem of effective student learning of a new
course within the framework of rational student goal setting is an
“eternal” applied problem for the social and technical sciences.
Each rational goal setting of the student was formulated in the
form of a non-obvious mathematical construct of a nonlinear
objective function that determined the minimized functional for
the corresponding optimal control problem. Within the
framework of the author’s approach to nonlinear modelling of
various optimal goal-settings in student study of a new course, 35
optimal control problems for 35 pedagogically-admissible
algebraic  constructs for minimized functionals were
mathematically posed, Optimica-formulated and numerically
solved in JModelica-{1.17; 2.14}. As part of further generalization
and psychological and pedagogical interpretation of the obtained
graphical results of the numerical modelling, the following six
strategies for studying a new course by a student were formulated:
“Lazy Student” (Strategy A); “Procrastinator” (Strategy B);
“Growing Student” (Strategy C); “Steady Student” (Strategy D);
“Midterm Hero” or “Halfway Hero” (Strategy E), and “Starting
Hero” or “Sprinting Hero” (Strategy F). The six strategies
mentioned above for student learning of a new course seem to be a
fairly concise summary of the individual educational efforts of
both a school student, a university student, and a working
professional.

Keywords — Computational cybernetics, continuing education,
control engineering education, control nonlinearities, industrial
psychology, key performance indicator, optimal control.

I. INTRODUCTION AND MAJOR CHALLENGES

Systematic and purposeful study by a student of a certain new
course applies to both the formal education of vocational or
higher education applicants who simultaneously and in parallel
study several new disciplines and subsequently, upon
completion of officially regulated education, apply for a state-
standard diploma, and the long-term technical or engineering
education of working locksmiths or engineers who already have
an official diploma of vocational or higher education and can
currently focus their time and resources on the purposeful
consistent study of only one specific discipline, and are also
largely interested in obtaining an official certificate from the
studied target course within the processes of continuous
professional development of working specialists [1]-[43].

The educational problem of learning dynamics of the lazy
and forgetful student became very popular in the last 45 years
and was computationally addressed by the following

researchers: Raggett et al. [1], Bondi [2], Woodside [3], Parlar
[4], Klamkin [5], Cheng et al. [6], Lee et al. [7]-[8], [10], Chen
[9], Buratto et al. [11], [12], Smith et al. [13], Mehmood [14],
Bao et al. [15], Brunetto et al. [16], Goldt et al. [17], Rachim
[18], Asanuma et al. [19], Castaldi et al. [20], Chornyi et al.
[21], Kaffenberger et al. [22], Kooken et al. [23], Teo et al. [24],
[25], Lewis [26], Teklu et al. [27], Dominé et al. [28], Qiu [29],
Bhih et al. [30], Vergafio [31], Castaldi et al. [32], Loong et al.
[33], Papageorgiou et al. [34], Zine et al. [35].

Let us analyse the work by Klamkin (1985) [5]. The
differential equation (DESLD) of the dynamics of student
learning is Eq.(8) in [5]: (d(x1(¢))ydr) = (—c)x(xi(?)) +
bx((u())™y), i.e., the rate of change of the student’s knowledge
level (d(xi(f)ydt) is equal to the negative product of the
forgetting factor of the studied material (—c), multiplied by the
student’s knowledge level x(¢) plus the product of the learning
efficiency factor b multiplied by the control signal, raised to the
exponent in the form of a limiting factor ((u(¢))“y). The
nonlinear objective function in [5] is the minimized functional:
J=1(0to T) u(f) d¢ in the form of a definite integral of the
control signal u(¢) over the entire time 7 of studying the new
course [5]. The goal of [5] is to solve the optimal control
problem for the differential equation of student dynamics
(DESLD) within the framework of minimizing the functional:
min(J) = min(J(0 to 7) u(¢) df). The graphical representation of
the data in [5] is the schematic graph of the discrete control
signal, as shown in Fig. 1 of [5]. Advantages of the work [5]: In
the context of calculating the minimum academic work J pin of
a lazy student for uneven study of a new course, as well as by
calculating the uniform academic work Junir of a student for
uniform study of a course, algebraic formulas (10) and (12)
were obtained for estimating the minimum value Jnin of the
minimized functional J. Disadvantages of data presentation in
the work [5]: there is the absence of detailed calculation graphs
for the student’s knowledge level x(¢) and for the control signal
u(?), since the schematic (Fig. 1) in [5] for the discrete value of
the control signal does not contain a scale of numerical values
along the vertical axis.

As part of the computational implementation of the
sociocybernetic approach to nonlinear dynamic modelling of
educational processes of studying a new university academic
discipline by engineering students, Chornyi et al. [21] used the
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methods of automatic control theory, automated electric drive,
as well as the fractal theory of fractional p-order derivatives.
They performed a numerical system-dynamic solution of an
ordinary inhomogeneous differential equation (1), formally
similar to Newton’s second law, which is a second-order ODE
with respect to the variable S, containing on the left such
positive terms as the first time derivative S' = (dS/d¢) and the
second time derivative §" = (d(dS/d?)/d?), i.e., the left-hand side
of which was written with respect to the first variable S as a
function of time S = S(¢) (Figs. 1-8), denoting the information
flow of new educational information successfully learned by the
student, and the right-hand side of which contained the second
variable H as a function of time H = H(f), denoting the general
flow of initial information received within the framework of
studying a new academic subject, and the Laplace transform
H(p) of the transition function H(#) was alternately and
sequentially modelled either by a fractal aperiodic link with the
image Hi(p), containing the fractal derivative of fractional order
u, or by a fractal aperiodic link with the image H»(p) of order
1 + p, or by a more complex link with the image Hi(p), defined
as the product of the inertial link and the image Hi(p), or by a
more complex link with the image Ha(p), defined as the product
of the inertial link and the image H>(p), which led to the need
to perform a numerical solution of four corresponding equations
describing the student’s study of new educational material, with
the same left-hand sides, i.e., written relative to the variable S
on the left, and containing different right-hand sides
corresponding to the functions {H1, ..., Hs} on the right [21]. In
the framework of a phenomenological computational analysis
of the first 100 days of a student’s study of a new academic
discipline, Chornyi et al. [21] were able to successfully
visualize complex transient processes for three coupled curves
S=S8(). They comprehensively illustrated the nonlinear
educational dynamics of the most successful study of a new
course by excellent students with a high degree of convergence
of all three S;-curves (Fig. 6), nonlinear oscillatory processes of
average successful mastering of a new course by good students
with a greater degree of relative divergence of S»-curves (Fig. 7)
and nonlinear oscillatory processes of poorly successful
mastering of a new course by C-students with the maximum
degree of relative divergence of Ss3-curves (Fig. 8). The authors
used system-dynamic construction of the fractal structure of the
function H, as well as within the framework of an empirical
assessment of the numerical values of the parameters of the
differential equation (1) based on statistical processing of the
results of pedagogical experiments, conducted by the authors of
the work [21].

In the recent paper [26], several nonlinear optimisation
problems of student productivity were considered as
Examples 1-4, Remarks 1-4 and Figs. 1-4 within the
framework of applying computational methods of geometric
mechanics to the phenomenological description of educational
and psychological assignments of optimal control finding for
the Hamiltonian dynamic system of a student trying to learn
new educational material [26]. Lewis draws attention to the
important practical circumstance that computational problems
of optimal control with instantaneous jump-like switching of

the step profile of the control signal “at stops” as a rule
abstractly model extremely undesirable shock-maximalist
approaches to teaching schoolchildren and students. These
bang-bang-shaped control approaches contradict all existing
psychological, pedagogical as well as medical and biological
recommendations regarding the need to ensure the smoothness
of switching of the control signal in all processes of knowledge
acquisition and instruction [26]. Taking into account the above
remark formulated in the article [26], it can be further suggested
here that the high-intensity bang-bang approaches to STEM
learning with instantaneous abrupt switching of control signals
mentioned in [26] can probably be practically used primarily
for the purposes of immediate improvement of engineering and
technical skills as part of the continuous professional
development of working professionals who are generally more
resistant to oscillations of the control signal. Such time
parameters as free time for unlimited independent study of a
new course by a student or fixed semester time for planned
synchronous or asynchronous study of a new academic
discipline, strictly regulated by curricula and a report card-
calendar, are not mentioned at all and are not considered either
explicitly or implicitly in either formulas (1)—(39) or in Figs.
1-4 in the optimisation work [26]. It is due to the entirely
practical reason of the systematic ignoring by most modern
students of any formal deadlines for the timely study of the
minimum theoretical foundations of a new course and due to
the actual failure of a participant in the educational process to
complete the minimum sufficient volume of individual
assignments sufficient to obtain a minimum positive grade in a
new discipline [26].

In the work [27], analytical and computational methods of
optimal control theory were used within the framework of
multi-criteria optimisation analysis of a nonlinearly controlled
four-block deterministic dynamic system consisting of
university students studying mathematics, psychologically
infected with their hostile attitude towards the need for timely
study of mathematical university disciplines with the presence
of two independent signals of organisational and psychological
control {u1, u»} and a nonlinear objective function in the form
of a minimized integral quadratic quality criterion J(ui, u2),
where the first control signal u; characterises organisational
efforts to prevent the spread of a hostile attitude towards the
study of mathematics, and the second control signal
characterises organisational efforts to reduce the duration of
time of individual psychological recovery of a student from an
acquired hostile attitude towards the study of mathematics [27].
As part of the implementation of the optimisation approach by
Teklu & Terefe [27], the time dependencies of the phase
variables characterising the epidemic states of psychological
“susceptibility” to mathematical hostility, social “exposure” to
hostility towards the studied mathematics course, psychological
“infection” with hostility towards mathematics and the
subsequent heutagogic “treatment” of modern university
students from an unfriendly attitude towards the studied
mathematical disciplines were computationally modelled and
graphically visualised. This allowed the authors [27] to
successfully carry out an optimisation educational and
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psychological study of nonlinear socio-dynamic effects
associated with the implementation of organisational and
psychological efforts to reduce the hostile attitude of university
students to the need for the regular study of mathematical
disciplines during 6.67 years (80 months) of university study of
mathematics (in Fig. 6), during 12.5 years (150 months) of
university mastering of mathematics (in Figs. 2-5, 8), during
16.67 years (200 months) of studying mathematics at the
university (in Fig. 9), and also during 20.83 years (250 months)
of university mastering of mathematics (in Fig. 7). It should be
noted that the long-term periods of successful overcoming of
hostile attitude towards mathematical disciplines by university
students during many years of studying a university course of
mathematics in the range from 6.67 years (Fig. 6) to 20.83 years
(Fig. 7), analysed in [27], significantly exceed both the four-
year terms of university education for school graduates at the
Bachelor’s degree program and the two-year terms of university
education for bachelors at the Master’s degree program. Thus,
it can be concluded that the results of the authors’
computational modelling either correspond to certain individual
trajectories of twenty years of university education with in-
depth study of one or two mathematical disciplines in each
semester, or still describe a nonlinear social dynamics of a two-
decade psychological overcoming of individual hostile attitude
towards mathematical disciplines within the framework of
continuous professional development in lifelong engineering
education, which obviously emphasises the actual discrepancy
between the publication topic and the authors’ research results
in the computational work [27].

El Bhih et al. [30] used optimisation-epidemic methods of
applied mathematics within the framework of the system-
dynamic statement (Fig. 1) and subsequent numerical solution
(Figs. 2, 3, 5-7) of the psychological and pedagogical problem
of optimal control of different group levels of student
knowledge in the mathematics course. The authors modelled
five groups of university students: university freshmen; weak
students who are constantly lagging behind in mathematics and
study mainly with grades {E-D} in mathematics; stronger
students—good students with grades {C-B} in mathematics;
excellent students with grades {A} in mathematics, who are
able to successfully solve applied problems; and also excellent
students with grades {A} in mathematics who experience
difficulties in solving applied problems (Figs. 1-7). The graphs
of all transition processes for the level of knowledge of
mathematically weak and lagging students (Figs. 2, 3, 5-7)
reach their stationary values starting from the minimum three-
week period of continuous study of mathematics during the first
20 days (Fig. 7) of in-depth study or, on average, during a
seven-week continuous period of study of mathematics during
the first 50 days (Figs. 2, 3), which additionally confirms the
practical unrealisticness and speculative nature of any “quick
strategies” for high-speed and high-quality study of a university
course in mathematics “at the last moment”. It turns out that to
receive a “solid” satisfactory grade, a university course in
mathematics still needs to be studied from 3 to 7 weeks [30].

The paper by Akesson et al. [36] was cited as the first
reference in the optimisation textbook [24], [25] because Teo et

al. (2021) factually encouraged their students to widely use
computational possibilities of free optimisation software
JModelica.org with Optimica extension for numerical solution
of optimal control problems. Hydraulic and electrical analogies
for a simple description of student learning dynamics were also
proposed in the educational papers [37]-[41].

In the scientific work [42], the presence of more than 400
pedagogically satisfactory, psychologically acceptable and
practically effective educational strategies of student learning
was established. The strategies were applied, to one degree or
another, by education seekers for the full or partial achievement
of the set educational goals and objectives of any successful
and, if possible, systematic learning [42]. The publication by
Hattie & Donoghue especially emphasises the importance of
further searching, first of all, for optimal educational strategies
[42], which further stresses the relevance of the presented
author’s study devoted to the rational construction of nonlinear
target functions describing various strategies of dynamic
behaviour of a student studying a new course.

II. AIM, RESEARCH TASKS AND PRIME SCIENTIFIC NOVELTY

Relevance of the research: The choice of an optimal
educational strategy that ensures minimal sufficient efficiency
in the study of a new course by a student is one of the “cternal”
didactic tasks of both pedagogy and educational psychology, as
well as machine learning and robotics.

It is possible to strengthen the course of engineering
education with {Modelica-&-Optimica}-enhanced
computational research into the J-performance index-
dependent learning dynamics of a lazy and forgetful student
taking into account that the J-objective function-dependent
educational activity was not comprehensively addressed in
previous research studies.

The socio-technical task of finding a non-linear optimal
educational approach for the methodologically effective study
of a new course is relevant for the successful planning of both
the university education of a student and the continuous
professional development of a working engineer.

The object of the study is a non-linear educational and
psychological process of individual study of a new academic
course by a student during a semester, implemented under the
assumption that the student actually achieves a certain final
level of knowledge, sufficient to receive a positive assessment
within the framework of successful study of a new academic
discipline.

The subject of the research is the educational and
psychological characteristics of non-stationary transition
processes that arise during the controlled study of a new course
by a student, depending on the engineering-designed algebraic
structure of the minimized functional that determines the
individual educational trajectory of the student’s study of a new
discipline within the framework of a certain trend of student
behaviour.

The aim of the research is the author’s attempt to establish
pedagogically acceptable educational and psychological
patterns within the framework of optimisation nonlinear-
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dynamic modelling of the educational behaviour of a student
studying a new course, based on a non-obvious generalization
of various educational trajectories depending on the algebraic
structure of nonlinear target functions constructed by the author
in the form of various minimized functionals.

The novelty of the research: In the context of solving
boundary value problems on the dynamics of optimal control of
the educational and psychological process of studying a new
course by a student, the engineering understanding of the nature
of the influence of the algebraic structure of the minimized
functional on the nonlinear dynamic features of transient
processes characterising the individual educational strategy for
studying a new academic discipline by a student has been
expanded.

Optimica-simulation description of pedagogically possible
educational approaches to studying a new course by a student
and a working engineer with varying degrees of personal
interest and actual involvement in a specific heutagogic process
of direct study of the current new course was carried out within
the framework of engineering Modelica-design of sufficiently
complex nonlinear objective functions for cybernetic modelling
of student educational behaviour to ensure the possibility of
computational  accounting and accessible  graphical
visualisation of nonlinear effects of the influence of different
goal-setting of the subject of study on the phenomenological
dynamics of the student’s study of a new course during a
predetermined time frame, but with implicit consideration of a
certain student background, which differs significantly for
students who are currently at different emotional and
psychological, professional or biological age stages of their
continuous engineering education.

III. RESEARCH METHODOLOGY

The optimisation Modelica modelling of student educational
strategies No. 1-17, as shown in Figs. 1-17, was performed
within the framework of using the open source software
JModelica.org with the Optimica extension [36]. The Modelica
simulation results in the form of an archived directory with the
corresponding *.mop, *.py and *.png files were uploaded as a
dataset to the ResearchGate platform [44].

IV. DYNAMIC EQUATION FOR STUDENT LEARNING DYNAMICS
DESCRIPTION

Effectively studying a new course within a pre-planned time
frame is an important practical task for both the student
studying a new subject as part of a university degree and the
working professional studying a new course as part of a formal
certificate of successful completion of the course. On the other
hand, if we compare the available socio-economic resources of
a student and a working engineer, we can note that a student has
significantly more free time to study a new discipline than an
engineer, and a working professional has a significantly higher
level of motivation to study a new course than the average
student. As a result, both the goals and approaches to studying
a new course by a student and an engineer will differ
significantly.

Let us try to formulate a metaphorical analogy that would
give a schematic hydrodynamic representation of the very idea
of an optimisation model of student learning dynamics (Figs. 1—-
17). Let a student who is currently trying to study a certain new
course be an imaginary “tub” partially filled with “water” of
new knowledge, and the current level of “liquid” of new
knowledge in this “tub” changes in a certain way during the
student’s study of the new course. Let an “external” or
“internal” teacher be an imaginary “aquarius” who from time to
time “adds” a certain amount of “liquid” of new knowledge to
the “barrel” of knowledge from the new course, actually
ensuring the implementation of some educational (or self-
educational) strategy of “external” or “internal” control of the
level of filling the “barrel” of the student’s memory with
“liquid” of knowledge from the new course, and the control of
the learning process by the teacher is the only control signal in
our problem.

Let the lifelong partial forgetting of a part of the newly
learned new educational material by a student be a kind of
“thief” or a Stephen King’s “langollier” who is always thirsty
for “water” of new knowledge in the “barrel” of knowledge,
who is constantly turning on the partially closed “tap” of
forgetting at the bottom of the “barrel” of new knowledge. The
higher the available level of “liquid” of new current knowledge
in the “barrel” of student memory, the more intense the
forgetting of the newly learned material of the new course. It is
due to the greater outflow-discharge of the “liquid” of
knowledge through the more open “tap” of forgetting of the
freshly learned content, and taking into account the effect of
forgetting does not imply the use of the second control signal in
the model.

We will assume that the choice of a particular optimisation
strategy of a specific methodological approach to organising the
effective way of student learning (Figs. 1-17) occurs not at the
level of the student’s memory “barrel”, partially filled with the
“liquid” of new knowledge, but at some higher level of making
rational management decisions by an external or internal
student teacher — “aquarius”, who chooses one or another
“hydrodynamic” approach to continuously filling the “barrel”
of student memory with the “liquid” of the content of the new
educational course.

The simple optimisation model of forgetful student learning
dynamics was briefly mentioned as Example 1.2.1 on pp. 2 and
3 of Chapter 1 [24] and as Example 6.4.2 on pp. 186 and 187 of
Chapter 6 [25] in the international textbook [24], [25]:

(m(ir)l(] )j subject to the dynamics:
ult

L (x,0) | =b-ult)-c-x 0
((EZ;] (0) jﬁo); ((xl Ly ):xvi

(0 <ult)<upg k(01 < (tf

(1)

where

o the objective function (J ) is the minimized functional of a
previously unknown algebraic structure that determines the
individual student approach to instructor-guided dynamics of
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the course learning process, where mathematical J -structure
must be comprehensively specified for the successful numerical
solution of the particular optimal control problem (1);

« the first phase (state) variable x; (t) is the current level
(volume) of student-acquired knowledge of a new course
studied by a student;

« the state — the initial value x;, of the first phase variable
X (0) is the numerical value of the state variable x (to) for the
start time moment £, =0, i.e., X; (0) is the initial level of the
studied course knowledge;

. (tf)z T is the duration of the course learning time, e.g., the
duration of the university semester;

* the constraint — the final value x,, of the first phase
variable x, (t f-) is the numerical value of the state variable
xl(T ) for the final time moment (t,-): T ,i.e., x(T) is the final
level of the studied course knowledge, where x;(T)> x (O) for
successful course learning and the minimum academically
acceptable final value of a satisfactory course grade must be
higher than 55 (55/100) ECTS-grades “E”, i.e., xl(T)Z 0.55;

* the additional overdot parameter
% (t)=(d(x(t))/dt)= (x, (t)); =% (t) is the time rate of change
of student-acquired knowledge level (volume) x; (t) of a new
course studied by a student;

» from the technical instructor’s viewpoint, the bounded
control signal u(z) determines the instructor-driven rate of
student knowledge acquisition or, in other words, the instructor-
guided intensity of student knowledge inflow into student
memory, where OSu(I)S U and ug, are the maximum
value of control signal;

* from the student’s viewpoint, the restricted control signal
u(t) determines the student-chosen rate of student knowledge
acquisition or, in other words, the student-guided intensity of
student knowledge inflow into student memory, where
0< u(t)S U and u,.  are the upper bound for the control
signal;

» the coefficient b is the efficiency coefficient of new
knowledge acquisition or, in other words, the utilisation factor
of inflowing knowledge understanding;

« the first positive term +(b-u(r)) is the time rate of new
knowledge acquisition by a student or, in other words, the
intensity of student-acquired new knowledge inflow into
student memory;

» the second negative term — (c X (t)) is the time rate of new
knowledge forgetting or, in other words, the intensity of

student-acquired new knowledge outflow from student
memory;
* the student knowledge balance equation

(d(xl(t))/dt):b-u(t)—c-xl(t) means that the time rate of
change of the current volume (level) of the student knowledge
is dynamically determined by b-efficient and u(t)—driven the
inflow flow rate of student-acquired course knowledge into
student memory and c-defined the outflow flow rate of student-
forgotten course knowledge from student memory, where
student learning efficiency factor b must be larger than
knowledge forgetting factor c, i.e., b>c for academically
successful course learning.

Let us assume the following numerical values for the
computer modelling of optimal control problem (1) with
JModelica.org-{1.17; 2.14} optimisation software:

b=0.5c=02(t,)=T=15;
(O<ult)<12)(0<<T), 2)
(1 (0))= 0.1 ((a (7)) = 0.9)

where we assume that the student successfully acquired
knowledge required by the course from the “zero” — starting
level of 10 grades (xlo =(xl)Star =10/100) to the excellent
“hero” —final level of 90 grades txlT = (%, ) = 90/100).

It is a nonlinear computational assignment to numerically
solve student learning optimisation problem (1)—(2) for the
different {Modelica, Optimica}-solvable J-structures (see
Table I on the next page) and additionally classify Modelica-
derived numerical solutions into the particular student-chosen
educational strategies of new course learning.

TABLE I
NONLINEAR OBJECTIVE FUNCTIONS FOR THE DESCRIPTION OF STUDENT LEARNING STRATEGIES

A) Student Course-Learning Learning Strategy A “Lazy Student”: Late Final Learning Activity (Figs. 1 and 2)

u(t) u(t) 0

T
Al) min(Jl ) = min[I(u(t))dt} (3) , where T is term duration in weeks (Fig. 1)

A2) min(J 5 ) =

o) u(f){i [((xl (e)f )— (%) (ule)y Bdt} (4) , where T'is term duration in weeks (Fig. 2)

B) Student Course-Learning Learning Strategy B “Procrastinator”: Delayed Learning Activity (Figs. 3 and 4)

ult) ult)

), where T is term duration in weeks (Fig. 3)

B1) min(J;)= ~n[f(<u<t»-(exp(<x]<r»2+<x2<r>>2+(u<r>>2)))dz} (s
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T
B2) mln J 4 mm(J.( (t ))3 + (u (t ))4 )dt} (6) , where T is term duration in weeks (Fig. 4)
0

C) Student Course-Learning Strategy C “Growing Student”: Monotonic Growing Learning Activity (Figs. 5 and 6)

Cl) ILI}(ltI)I(J 5 ) = ILI}(III)I[JT. (((xl (t))2 ) ((x2 (t))2 ) ((u (t))2 ))dt } (7) , where T is term duration in weeks (Fig. 5)

C2) min(J6) = Iun(ltr){.?{((xl (t))3 — u(t))z . ([M]6]J‘ﬁ} (8), where T is term duration in weeks (Fig. 6)

ult) dt

D) Student Course-Learning Strategy D “Steady Student”: Ongoing Learning Efforts Activity (Fig. 7)

DI1) run(ltl)l(J7 ) = ril(ltl)l[j ((— 1)~ (xl (t)— u(t))l . (exp((— 1)~ X (t))))dt}, (9) , where T is term duration in weeks (Fig. 7)

E) Student Course-Learning Strategy E “Midterm Hero” or “Halfway Hero”: Maximum Midterm Learning Activity (Figs. 8—11)

El) rbx}(it?(Jg)= miI)l

o {j-((u(t)— 1)2 . (exp((— l)- X (t))))dt} (1 0) , where T'is term duration in weeks (Fig. 8)

S

E2) rbl;l(ltl)l(J 9 ) = ril(ltl){ ((— l)~ (xl (t)— u(t))3 . (exp((— 1)' X (t))))dt} (1 1) , where T is term duration in weeks (Fig. 9)

E3) mm(JlO): m

u(z) u(ltg{j. ((— 1)- (xl (t )— u(l ))4 . (exp((— 1)- X (t ))))dt} (12) , where T is term duration in weeks (Fig. 10)

T
. . 1 . o .
E4) rLI,1(1II)1(J1 1 ) = ILI,l(ltI)l{.(.)- [(_ 1). (T(I)J . ((u(t))z )Jdt], (1 3) , where T'is term duration in weeks (Fig. 11)

F) Student Course-Learning Strategy F “Starting Hero” or “Sprinting Hero”: Intensive Start Learning Activity (Figs. 12-17)

T
F1) rn(iI)l(le ) = m(ll)l J-(u(t)— X (t))dt\J, (1 4) , where T'is term duration in weeks (Fig. 12)
ult ult
0

F2) rbl;l(itl)l(J13 ) = Iil(ltl)l j-(((u(t))z )— ((xl (t))z )yt} (1 5) , where T is term duration in weeks (Fig. 13)
0

F3) rbrll(itl)l(.]14 ) = Iun(ltgl -|7:(((1,t(t))3 )— ((xl (t))3 )— ((xz (t))3 ))dt], (l 6) , where T is term duration in weeks (Fig. 14)

F4) mm(.]l5 ) =min

u(t) u(t) ]: ((xl (t))3 — u(t)) ((xz (t))3 — u(t)) [(Mjﬁl}ﬁ]’ (17) , where 7T'is term duration in weeks (Fig. 15)

T
Fs) min(J;)=min !).

F6) min(J17 ) =min

ult) u(t)

([_ %) ) (()ﬁ (O)F + (e, () + (o) )]dt} (18), where T is term duration in weeks (Fig. 16)
(

T
J. (_lJ . (((u(t))2 )+ l)jdt} (19) , where T is term duration in weeks (Fig. 17)
0
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V. STUDENT COURSE-LEARNING STRATEGY A “LAZY
STUDENT”: LATE FINAL LEARNING ACTIVITY

Student late learning strategy “A” is outlined in Figs. 1 and 2.

X2
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Fig. 1. Educational strategy No. 1 of the study behaviour of a lazy student who
does nothing every time during the entire semester and begins to work
intensively only in the last few days immediately before the session.

Fig. 1 shows the first course-learning strategy with the late
final learning activity of an academically lazy student which is
determined by the optimal control problem (1) and (2) with the
minimized objective function (3), where the first minimized
integral functional (A1) is defined as a minimum of a definite
integral of the control signal over the time interval during which
the student studies the new course, ie.,
min(J/;) = min([(0 to 7) (u(?)) do).

Fig. 1 corresponds to the integral performance index (3),
(A1) and shows that lazy student does nothing until the final
exam disregarding the course duration, e.g., student educational
inactivity took place at least in the first 14.5 weeks of a 15-
week-long course. The lazy student shows the strong intention
to “study” all course material only in the last 2—3 days before
examination. It is obvious that the lazy student’s “educational”
behaviour would show complete inactivity in the first 49.5
weeks of a 50-week-long course, etc.

Fig. 2 is the second course-learning strategy with the late
final learning activity of an academically lazy student which is
determined by the optimal control problem (1) and (2) with the
minimized objective function (4), where the second minimized
integral functional (A2) is defined as a minimum of a definite
integral of the difference of the square of the first phase variable
minus half the square of the control signal over the time interval
during which the student studies the new course, i.e.,
min(J2) = min({(0 to 7) ((¥1(9))"2) = (1/2) x ((u(1))*2))do).

Fig. 2 corresponds to the integral performance index (4),
(A2) and shows that the lazy student can express some initial
activity during the first week of the course and then completely
drops from educational process for the remaining 14 weeks
until the final examination. As usual all “learning” activity took
place in the last 2-3 days of a 15-week-long course.
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Fig. 2. Educational strategy No. 2 of the learning behaviour of a lazy student
who, at the beginning of studying a new course, demonstrates some initial
interest in the subject of classes and the teaching style of the new instructor, and
then, out of the old habit of doing nothing, drops out of the current learning
process for a long time until the very end of the semester with the usual pre-
exam activation of pre-session learning activity in the last few days of the
course.

It should be noted that bad organisational and behavioural
habits No. 1-No. 2 of escaping from fulfilling educational or
work responsibilities, associated with an attempt to
“successfully” complete the entire necessary volume of planned
work exclusively in the last few days of an educational or
production project can characterise the late executive activity of
not only a lazy student, but also a lazy Web programmer, lazy
engineer, lazy teacher, lazy researcher, etc., due to the fact that
strategies No. 1-No. 2 of organisational behaviour to a greater
extent characterise the psychological, if not mental, fatigue of
the subject from the current work routine and an attempt to save
energy for alternative non-work activities, for example, for
many years of simultaneous work for several employers or for
continuous collecting of diplomas of higher education or for
round-the-clock computer games, etc. They often turn out to be
an even more boring routine, but consciously chosen
alternatives, nevertheless, seem to be something more
significant or deserving more attention to subjects who
consciously prefer behavioural strategies No. 1 and No. 2.

VI. STUDENT COURSE-LEARNING STRATEGY B
“PROCRASTINATOR”: DELAYED LEARNING ACTIVITY

Student delayed learning strategy “B” is outlined in
Figs. 3 and 4.

Fig. 3 shows the third course-learning strategy with delayed
learning activity of an academically lazy student which is
determined by the optimal control problem (1)-(2) with the
minimized objective function (5), where the third minimized
integral functional (B1) is defined as the minimum of a definite
integral of the product of the control signal multiplied by the
number e raised to a power, where the exponent is defined as
(the sum of the square of the first phase variable plus the square
of the second auxiliary variable plus the square of the control
signal) over the semester time, i.e., min(J3) = min(J(0 to 7)

(()*(exp(((1(0)*2) + ((x2(0))"2) + ((1))"2)))d0).
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Fig. 3. Educational strategy No. 3 of the learning behaviour of a constantly busy
procrastinating student who does nothing for the first 10 weeks of the semester
and then begins to study during the last 5 weeks of the course.

Fig. 3 corresponds to the integral performance index (5),
(B1) and shows that a busy student does nothing in the first 10
weeks of a 15-week-long course. The busy student shows a
strong intention to study all course material only in the last 5
weeks before the examination.

Fig. 4 shows the fourth course-learning strategy with delayed
learning activity of an academically lazy student which is
determined by the optimal control problem (1)-(2) with the
minimized objective function (6), where the fourth minimized
integral functional (B2) is defined as a minimum of a definite
integral of the sum of the control signal with the addition of the
square of the control signal with the addition of the cube of the
control signal with the addition of the fourth power of the
control signal over the time interval during which the student
studies the new course, i.e., min(Js) = min(J(0 to 7) ((u(?)) +
(@(@®)"2) + (w(@®)"3) + (u(®)"4)dr).
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Fig. 4. Educational strategy No. 4 of the learning behaviour of a constantly busy
procrastinator student who does nothing for the first 9 weeks of the semester
and then begins to study during the last 6 weeks of the course.

Fig. 4 corresponds to the integral performance index (6),
(B2) and shows that a busy student does nothing in the first 9
weeks of a 15-week-long course. The busy student shows the
strong intention to study all course material only in the last 6
weeks before the examination.

It is obvious that “B”-case (Figs. 3 and 4) are better than
“A”-case (Figs. 1 and 2) because it is better to study the course
for five weeks than 3 days. However, the course duration is 15
weeks and more computational endeavours are needed to
identify more sustainable course learning trends.

It should be noted that there is an increasing popularity
among schoolchildren, as well as students of both junior and
senior courses, of both procrastination strategies No. 3—No. 4 of
delayed completion of academic assignments with the start of
any academic activity mainly in the last third of the course, and
“lazy” strategies No. 1-No. 2 of late completion of necessary
work with the start of the “study” process exclusively “at the
last moment” before the exam. The growing popularity among
the youth audience of quasi-“educational” procrastination
strategies No. 1-No. 4 of quickly “studying” the next new
course may be associated with the sincere conviction of the
majority of overloaded schoolchildren, students, teachers,
methodologists, programmers and researchers that modern
high-tech “study” should not take up too much personal time,
and their direct educational responsibilities for regular and
systematic study, as well as individual elaboration of the
educational materials of the new course. The routine process of
completing the “boring” and “useless” calculation-graphic and
coursework assignments on the new discipline can be delegated
everywhere and on a permanent basis to numerous systems of
generative artificial intelligence, often even without additional
verification of the correctness of the content generated by
chatbots, with a sincere, but somewhat naive, belief that the
simultaneous use of high-speed simulation-computing
capabilities of the ChatGPT, Claude, Copilot, DeepSeek,
Gemini, Grok, Perplexity, etc., are capable of successfully
solving all current learning and instructional problems of the
educational community within the framework of detached-
indifferent educational and behavioural strategies No. 1-No. 4.

VII. STUDENT COURSE-LEARNING STRATEGY C “GROWING
STUDENT””: MONOTONIC GROWING LEARNING ACTIVITY

Student monotonic growing learning strategy “C” is outlined
in Figs. 5 and 6.

x1

ST T T T T T

X2

o000 ooo
OHHHRL 0900000000

DONDOX _HNWhUONRWLO

OrT T T T T T

Fig. 5. Educational strategy No. 5 of the learning behaviour of an academically
diligent and hardworking student, whose level of knowledge monotonically
increases throughout all 15 weeks of studying a new course without oscillations
of the control signal.
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Fig. 5 shows the fifth course-learning strategy with
monotonic growing learning activity of an academically lazy
student which is determined by the optimal control problem
(1)—(2) with the minimized objective function (7), where the
fifth minimized integral functional (Cl) is defined as a
minimum of a definite integral of the product of the square of
the first phase variable, multiplied by the square of the second
auxiliary variable, multiplied by the square of the control signal
over the semester time, i.e., min(Js)=min(/(0to 7)
(D) 2)(Cea(1))"2)*((u(1))*2))d1).

Fig. 5 shows that the student acquires the first half of the new
course in the first 4.5 weeks, and the second half of the new
course is studied in the next 10.5 weeks of a 15-week-long
semester. Fig. 5 corresponds to the integral performance index
(7), (C1), and Fig. 6 corresponds to the integral performance
index (8), (C2). Figs. 5 and 6 show a more sustainable learning
trend “C” when a course-enrolled student is working during all
15 weeks of the course duration. However, student learning is
rather uneven.

Fig. 6 shows that the student acquires the first half of a new
course in the first 6 weeks, and the second half of a new course
will be studied in the next 9 weeks of the semester.
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Fig. 6. Educational strategy No. 6 of the learning behaviour of an academically
diligent and hardworking student, whose level of knowledge monotonically
increases throughout all 15 weeks of studying a new course with additional
oscillations of the control signal.

Fig. 6 shows the sixth course-learning strategy with
monotonic growing learning activity of an academically lazy
student which is determined by the optimal control problem
(1)—~(2) with the minimized objective function (8), where the
sixth minimized integral functional (C2) is defined as a
minimum of a definite integral of the product of the sixth power
of the first time derivative of the first phase variable, multiplied
by the square of the difference of the cube of the first phase
variable minus the control signal over the time interval during
which the student studies the new course, 1i.e.,
min(Js)=min(J(0 to T) (((x1(2)*3 — u())*2x(d/dt(x1(£)))6)d1).

However, the student course learning rate may vary with
different individuals and external factors. Therefore, additional
computational endeavours with the student performance index
are important.

VIII. STUDENT COURSE-LEARNING STRATEGY D “STEADY
STUDENT”: ONGOING LEARNING EFFORTS ACTIVITY

Student ongoing learning efforts strategy “D” is shown in
Fig. 7. Fig. 7 corresponds to the integral performance index (9),
(D).
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Fig. 7. Educational strategy No. 7 of the learning behaviour of an academically
diligent and hardworking student, whose sufficient level of knowledge is
constantly maintained at a sufficiently high level throughout the entire
academic semester.

Fig. 7 shows the seventh course-learning strategy with the
ongoing learning efforts activity of a regularly-working student
which is determined by the optimal control problem (1) —(2)
with the minimized objective function (9), where the seventh
minimized integral functional (D1) is defined as the minimum
of a definite integral of the product of the difference of the
control signal minus the first phase variable, multiplied by the
number e raised to a power, where the exponent is defined as
(the first phase variable taken with a negative sign) over the
time interval during which the student studies the new course,
ie. min(J7) = min([(0 to T) (=1)x((x1(2)) — u())*1x
(exp((=1)*(x1(1)))))do).

The regular learning activity of a hard-working student, in
this case, is a sloping sawtooth curve of small oscillations of the
student’s current level of knowledge relative to the desired final
level of knowledge, which continue throughout the entire
course of study (Fig. 7).

IX. STUDENT COURSE-LEARNING STRATEGY E “MIDTERM
HERO” OR “HALFWAY HERO”: MAXIMUM MIDTERM LEARNING
ACTIVITY

Student maximum midterm learning strategy “E” is outlined
in Figs. 8-11. Fig. 8 shows the eighth course-learning strategy
with the maximum midterm learning activity of a hard-working
student which is determined by the optimal control problem
(1)—(2) with the minimized objective function (10), where the
eighth minimized integral functional (E1) is defined as the
minimum of a definite integral of the product of the square of
the difference of the control signal minus one, multiplied by the
number e raised to a power, where the exponent is defined as
(the first phase variable taken with a negative sign) over the
time interval during which the student studies the new course,
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ie.,

min(Js) = min([(0 to 7) (((9) = 1)*2x(exp((=1)*(x1(1)))))d).
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Fig. 8. Educational strategy No. 8 of the learning behaviour of an academically
diligent and hardworking student who studies quite intensively only during the
first 8 weeks of the semester and then rests for the next 7 weeks of the academic
semester, which remain until the examination session.

Fig. 9 shows the ninth course-learning strategy with the
maximum midterm learning activity of a hard-working student
which is determined by the optimal control problem (1)—(2)
with the minimized objective function (11), where the ninth
minimized integral functional (E2) is defined as the minimum
of a definite integral of the product of the cube of the difference
of the first phase variable minus the control signal, multiplied
by minus one, multiplied by the number e raised to a power,
where the exponent is defined as (the first phase variable taken
with a negative sign) over the semester-long time interval
during which the course-enrolled student acquires the new
discipline, ie., min(Jo) = min(J(0 to 7)
((=DX(C(®) — u(@)"3x(exp((=1)*(x1(2)))))d?).

Fig. 8 corresponds to the integral performance index (9),
(E1). Fig. 9 corresponds to the integral performance index (10),
(E2).
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Fig. 9. Educational strategy No. 9 of the learning behaviour of an academically
diligent and hardworking student who studies quite intensively only during the
first 7.5 weeks of the semester and then rests for the next 7.5 weeks of the
academic semester, which remain until the examination session.
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Fig. 10. Educational strategy No. 10 of the learning behaviour of an
academically diligent and hardworking student who studies quite intensively
only during the first 5 weeks of the semester and then rests for the next 10 weeks
of the academic semester, which remain until the examination session.

Fig. 10 shows the tenth course-learning strategy with the
maximum midterm learning activity of a hard-working student
which is determined by the optimal control problem (1)—(2)
with the minimized objective function (12), where the tenth
minimized integral functional (E3) is defined as the minimum
of a definite integral of the product of the fourth degree of the
difference of the first phase variable minus the control signal,
multiplied by minus one, multiplied by the number e raised to a
power, where the exponent is defined as (the first phase variable
taken with a negative sign) over the semester-long time interval
during which the course-enrolled student acquires the new
discipline, ie., min(J10) = min([(0 to 7)
(ED*(Ca(®) = u(@)4x(exp((=1)*(x1()))))d?).
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Fig. 11. Educational strategy No. 11 of the learning behaviour of an

academically diligent and hardworking student who studies quite intensively

only during the first 9 weeks of the semester and then rests for the next 6 weeks

of the academic semester, which remain until the examination session.

Fig. 10 corresponds to the integral performance index (11),
(E3). Fig. 11 corresponds to the integral performance index
(12), (E4).

Fig. 11 shows the eleventh course-learning strategy with the
maximum midterm learning activity of a hard-working student
which is determined by the optimal control problem (1)—(2)
with the minimized objective function (13), where the eleventh

10
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minimized integral functional (E4) is defined as the minimum
of a definite integral of the product of the square of the control
signal, multiplied by the inverse of the first phase variable,
multiplied by minus one over the time interval during which the
student studies the new course, i.e., min(Ji;)=min
(10 to T) (DX (AAEON)* (@) 2))dd).

Fig. 8 shows that a hard-working student intensively studies
both mandatory and facultative course topics but only in the
first 8§ weeks of a 15-week-long course. In the first 8 weeks the
course-devoted student manages successfully to complete two
times more course-proposed assignments than it is required for
the standard “excellent” course grade. However, all further
course-related insights disappear in the last 7 weeks of further
student’s educational inactivity. As a result, in 15 weeks the
student achieves the standard “excellent” grade because he/she
manages to forget some course details in the last 7 weeks of
course dropping.

Fig. 11 shows two peaks of student interest in the course: the
first lower peak of student interest takes place during the first
week of the course and the second higher peak of student
interest corresponds to the 9™ week of a 15-week-long course.

Figs. 8—11 show course-learning approach “E” of an
ambitious but simultaneously working student who does their
best to apply the maximum learning efforts in the first midterm
time of course acquisition and completely drops out in the
second midterm of course duration.

X. STUDENT COURSE-LEARNING STRATEGY F “STARTING
HERO” OR “SPRINTING HERO”’: INTENSIVE START LEARNING
ACTIVITY

Student intensive start learning strategy “F” is outlined in
Figs. 12—17, which corresponds to the integral performance
indices (14)—(19) of student learning activity.
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Fig. 12. Educational strategy No. 12 of the learning behaviour of an
academically diligent and hardworking student who studies extremely
intensively only during the first 2.5 weeks of the semester and then rests for the
next 12.5 weeks of the academic semester, which remain until the examination
session.

Fig. 12 shows the twelfth course-learning strategy with
intensive start learning activity of a hard-working student which
is determined by the optimal control problem (1)—(2) with the
minimized objective function (14), where the twelfth

minimized integral functional (F1) is defined as a minimum of
a definite integral of the difference of the control signal minus
the first phase variable over the semester-long time interval
during which the course-enrolled student acquires the new
discipline, i.e., min(Ji2) = min(J(0 to 7) (u(?) — (x1(2)))d?).
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Fig. 13. Educational strategy No. 13 of the learning behaviour of an
academically diligent and hardworking student who studies extremely
intensively only during the first 3.5 weeks of the semester and then rests for the
next 11.5 weeks of the academic semester, which remain until the examination
session.

Fig. 13 shows the thirteenth course-learning strategy with
intensive start learning activity of a hard-working student which
is determined by the optimal control problem (1)—(2) with the
minimized objective function (15), where the thirteenth
minimized integral functional (F2) is defined as a minimum of
a definite integral of the difference between the square of the
control signal minus the square of the first phase variable over
the time interval during which the student studies the new
course, ie., min(J;3) = min(/(0 to 7)

((®)"2) = ((1(1)*2))dD).
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Fig. 14. Educational strategy No. 14 of the learning behaviour of an
academically diligent and hardworking student who studies extremely
intensively only during the first 4 weeks of the semester and then rests for the
next 11 weeks of the academic semester, which remain until the examination
session.

Fig. 14 shows the fourteenth course-learning strategy with
intensive start learning activity of a hard-working student which
is determined by the optimal control problem (1)—(2) with the
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minimized objective function (16), where the fourteenth
minimized integral functional (F3) is defined as a minimum of
a definite integral of the difference between the cube of the
control signal minus the cube of the first phase variable minus
the cube of the second auxiliary variable over the semester-long
time interval during which the course-enrolled student acquires
the new discipline, ie., min(Ji4) =
min([(0 to T) ((@(5)"3) = ((x1(£))"3) = ((x2())"3))do).

Fig. 15 shows the fifteenth course-learning strategy with
intensive start learning activity of a hard-working student which
is determined by the optimal control problem (1)—(2) with the
minimized objective function (17), where the fifteenth
minimized integral functional (F4) is defined as a minimum of
a definite integral of the product of the sixth power of the first
time derivative of the first phase variable, multiplied by the
difference of the cube of the first phase variable minus the
control signal, multiplied by the difference of the cube of the
second auxiliary variable minus the control signal over the
semester-long time interval during which the student acquires
the new course, ie., min(J;s) = min(/(0 to 7)
((Cn1(0)"3 = u(®)*((x2()"3 = u())*(d/dx(x:1(2)))"6)d?).

Fig. 16 shows the sixteenth course-learning strategy with
intensive start learning activity of a hard-working student which
is determined by the optimal control problem (1)—(2) with the
minimized objective function (18), where the sixteenth
minimized integral functional (F5) is defined as a minimum of
a definite integral of the product of minus one half, multiplied
by the sum of the square of the first phase variable with the
addition of the square of the second auxiliary variable with the
addition of the square of the control signal over the semester-
long time interval during which the course-enrolled engineering
student acquires the new {undergraduate, graduate}-level
discipline, ie., min(Jy6) = min([(0 to 7)
(ED*A2)((a1(0)"2) + ((x2(0))"2) + ((u(0))*2)))dD).
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Fig. 15. Educational strategy No. 15 of the learning behaviour of an
academically diligent and hardworking student who studies extremely
intensively only during the first 4.5 weeks of the semester and then rests for the
next 10.5 weeks of the academic semester, which remain until the examination
session.

Fig. 17 shows the seventeenth course-learning strategy with
intensive start learning activity of a hard-working student which
is determined by the optimal control problem (1)—(2) with the

minimized objective function (19), where the seventeenth
minimized integral functional (F6) is defined as a minimum of
a definite integral of the product of minus one half, multiplied
by the sum of one with the addition of the square of the control
signal over the time interval during which the student studies
the new course, ie., min(Ji7) = min

(0 to T) (=1)*(12)x(((u(@))*2)+1))d?).
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Fig. 16. Educational strategy No. 16 of the learning behaviour of an
academically diligent and hardworking student who studies extremely
intensively only during the first 3 weeks of the semester and then rests for the
next 12 weeks of the academic semester, which remain until the examination
session.
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Fig. 17. Educational strategy No. 17 of the learning behaviour of an
academically diligent and hardworking student who studies extremely
intensively mainly during the first and thirteenth weeks of the semester and then
rests for the rest of the 13 weeks of the academic semester that remain until the
examination session.

Figs. 12—17 show that the intensively-working student with
hyperactive initial performance successfully completes all
mandatory and facultative course-required assignments in the
first 2.5 weeks (Fig. 12), in the first 3 weeks (Figs. 13 and 16),
in the first 3.5 weeks (Figs. 13 and 14) or in the first 4.5 weeks
(Fig. 15). Later, after an intensive start, the student completely
drops out from further course learning and does nothing for the
remaining 12.5 weeks (Fig. 12), for the remaining 12 weeks
(Figs. 13 and 16), for the remaining 11.5 weeks
(Figs. 13 and 14) or for the remaining 10.5 weeks (Fig. 15).
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Fig. 17 shows two peaks of student interest in the course: the
first higher peak of student learning interest takes place during
the first week of the course, and the second lower peak of
student learning interest takes place after 12.5 weeks of a 15-
week-long course.

Figs. 12—17 show a rather extreme course-learning approach
“F” of initially-hyperactive learner who makes their best to
apply all available learning efforts in the first 2.5...4.5 weeks
of course acquisition and completely drops out from the further
course participation in the remaining 12.5...10.5 weeks of the
course. The intensive start learning approach is an effective
learning strategy for experienced professionals who are ready
for quick educational immersion into a new course.

XI. DISCUSSION

The following six student course-learning J-dependent
educational strategies were J-formulated, computationally
determined, and graphically visualized: (A) “Lazy Student”
with a late final learning activity, (B) “Procrastinator” with a
delayed learning activity, (C) “Growing Student” with a
monotonic growing learning activity, (D) “Steady Student”
with an ongoing learning efforts activity, (E) “Midterm Hero”
(or “Halfway Hero”) with a maximum midterm learning
activity, and (F) “Starting Hero” (or “Sprinting Hero”) with an
intensive start learning activity.

Strategy A “Lazy Student” can be called “The big lazy man”
because strategy A describes the behaviour of a student who
studies a semester course for the last three days.

Strategy B “Procrastinator” can be called “The
procrastinator” because strategy B describes the behaviour of a
student who only starts studying in the second half of the
semester.

Strategy C “Growing Student” can be called “A student with
a monotonically increasing level of knowledge” because
strategy C describes the behaviour of a student who
monotonously studies the course throughout the semester.

Strategy D “Steady Student” can be called “A student with a
pulsating stable level of knowledge” because strategy D
describes the behaviour of a student who has studied enough
material at the beginning of the course to get an excellent grade
and then regularly maintains their level of knowledge.

Strategy E “Midterm Hero” or “Halfway Hero” can be called
“A student who runs the first half of the distance and then walks
the second half of the distance” because strategy E describes the
behaviour of a student who reaches their peak study activity
approximately in the middle of the academic semester.

Strategy F “Starting Hero” or “Sprinting Hero” can be called
“A student who sprints the starting quarter of the distance and
then walks the final three-quarters of the distance” since
strategy F describes the behaviour of a student who reaches
their peak academic activity in the first third of the academic
semester and then mostly rests in the remaining two-thirds of
the semester.

Computational plots in Figs. 1-17 outline that learning
sustainability is rather different for engineering students and
working professionals. The learning trends “B” (Figs. 3 and 4),

“C” (Figs. 5 and 6), “D” (Fig. 7), and “E” (Figs. 8-11) are
equally possible for both students and engineers. However, the
learning trend “F” (Figs. 12—17) is better suited only for prompt
learning of graduate engineering students and continuing
professional development of the working professionals who are
psychologically ready to a highly intensive learning rate with
ultra-fast pace of initial learning. The learning trend “A”
(Figs. 1 and 2) is the most unsustainable, undesirable and
highly-irritating learning strategy, which is not recommended
for both students and engineers.

In the work [42], considerable attention is paid to the analysis
of the complex and implicit dynamic relationship of superficial,
deep and transitional stages in multi-level educational strategies
of teaching students, taking into account the need to
simultaneously ensure a high level of student excitement when
studying new educational material “with passion” and in
competition with classmates [42]. If we use the generally
accepted pedagogical terminology about “superficial” and
“deep” educational strategies with passion or without
enthusiasm, then we can assume that Figs. 1-6 in the presented
work still correspond more to superficial learning strategies
without any particular enthusiasm on the part of the student, and
Figs. 7-17 in the article, to a greater extent, correspond to deep
educational strategies of fairly enthusiastic student learning
“with passion”.

It should be noted that the present theoretical study (Figs. 1—
17) may still be of some academic interest to experimental
researchers due to the fact that this work only deals with six
theoretically established strategies (A—F) of student learning,
whereas the empirical work [42] very briefly mentions more
than 400 experimentally established strategies of student
learning, which is more than 67 times the number of six
theoretically calculated optimal student learning strategies
presented in this computational study.

It is interesting to note that the educational study of the
nonlinear optimal control problem (1) is also required in
engineering curriculum [43] because computational research
into learning dynamics of a forgetful student was proposed as
individual homework exercise number 3 to chapter 13, p. 754
of the robotics textbook [43]. Thus, the author-derived results
of nonlinear computational modelling of student learning
dynamics (Table 1, Figs. 1-17, (1)—(19), dataset [44]) may be
of interest not only to specialists in social dynamics and
psychological and pedagogical modelling, but also, to some
extent, help future students of engineering specialties better
understand specialised technical literature on optimal control in
robotics [43].

XII. CONCLUSION

The paper is focused on the effect of performance index
selection on student learning dynamics.

Computational research into phenomenological dynamics of
student learning is very important for engineering students,
working engineers, managers and team leaders because today
all members of engineering and R & D communities stay under
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ongoing severe administrative pressure to efficiently acquire
new technical knowledge in a timely way.

The author’s computational approach substantially broadens
student ideas about nonlinear impact of student J-performance
index on the educational peculiarities of u-guided student
learning.

Computationally found student learning trends are suitable
for phenomenological description of production and
heutagogical activities of a working engineer during timely
project completion, continuing professional development and
lifelong professional learning.

The author’s computational approach (Table 1, Figs. 1-17,
(1)—~(19), dataset [44]) has found successful instructional
implementation in the engineering curriculum for
undergraduate, graduate and PhD students as well as in
continuing professional development of researchers and
technical instructors of Donbas State Engineering Academy,
Kramatorsk, Ukraine.

A. Limitations of the Present Research

The author’s approach is characterised by a number of gross
simplifications and obvious limitations that significantly reduce
the generality of the results obtained in the research.

L1. The idealized socio-cybernetic formulation of the
optimisation problem of the pedagogical and psychological
dynamics of nonlinearly controlled student learning in the form
of a boundary value optimal control problem is based on a very
naive and completely unfounded assumption of successful and
timely study of a new course by a student within the framework
of the implementation of a J-dependent learning strategy along
some J-specified trajectory during a fixed time of studying a
new discipline 7' (week). For example, during the duration of a
university semester, it completely ignores such real limiting
circumstances as the constant lack of time, motivation,
computing resources and academic qualifications of a typical
academically inactive student, which in most real cases makes
methodologically meaningless both the very promising
conversation about a fixed planned time of successful study of
anew course by an uninterested student along some completely
special and, apparently, extremely successful individually
selected J-trajectory of deeply personalized dual learning, and
nullifies any pedagogical significance of the computational
solution of the corresponding nonlinear boundary value
problems of optimal control of the student’s learning dynamics
depending on the time parameter. It happens since the timely
mastering of a new course of study is unfortunately either a
naively idealized assumption or a formally bureaucratic
pedagogical concept, practically used by all educational
institutions whose main task is exclusively the issuance of a
certificate or diploma for the “successful” completion of
training, regardless of the actual successes or failures of a
student officially enrolled and formally studying at the
educational institution.

L2. The only source of the emergence of computational
nonlinearities in the considered boundary value problem of
optimal control of the educational dynamics of student learning
with a J-variable individual student choice of one or another

nonlinear J-educational strategy of individual student
acquisition of a new course is determined exclusively by the
{Modelica, Optimica}-solvable nonlinear algebraic structure of
the nonlinear objective function J. It additionally limits the
nonlinear optimisation problem and, for one reason or another,
is constructed by the author of the study in the form of a
pedagogically admissible minimized J-functional, which
actually determines a certain individual nonlinear educational
strategy of studying a new discipline by a student. The
differential equation of the dynamics of student learning itself
is an ordinary linear differential equation of the first order,
which does not contain either time derivatives of higher orders
from the phase variable, or time derivatives of the control
signal, or higher powers of the phase variable and the control
signal, or their cross products, or such nonlinear system-
dynamic components as stagnation zone, saturation zone,
damping effects, etc.

L3. The main computational emphasis of the study was
placed on the engineering and mathematical design of
didactically possible and {Modelica, Optimica}-solvable J-
strategies of pedagogically permissible nonlinear strategies of
optimally controlled study of a new course by a student with
subsequent possible classification of Modelica-obtained
optimisation solutions into certain generalized trends of student
behaviour based on the geometric similarity of J-defined
graphical constructions, as well as based on certain
psychological and pedagogical considerations. While an
extended nonlinear-dynamic analysis of the possible presence
of additional bifurcation effects in each of the considered J-
strategies of student learning still goes far beyond the scope of
the present study, which focused exclusively on the rational
engineering J-design of a certain trajectory of study of a new
course by a student with subsequent pedagogical classification
of the obtained J-learning trajectories into certain behavioural
trends of individual student study of a new academic discipline.

B. Opportunities for Future Research Areas

P1. In the further research on the local dynamics of student
learning of a new course, the author plans to devote more
attention to practical issues related to the direct determination
of approximate numerical estimates of minimized functionals
within the framework of an applied comparative analysis of
both various student goal-settings and various student learning
strategies depending on the didactic complexity of the new
course, the student’s age, the degree of personal motivation to
study the new course, etc. It would be interesting to see how the
considered index-dependent student learning is applied to
particular study courses and programs. This could include some
objective (numerical) evaluation of learning achievements, as
well as feedback from involved (students, university staff,
employers, etc.).

P2. In this paper, each student’s goal setting was considered
as an individual optimal control problem with a specific
mathematical construct of the nonlinear objective function. In
the future, for each student’s goal setting, it would be important
to mathematically investigate the theoretical issues of solution
existence, solution uniqueness, and actual solution optimality,
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as well as to conduct additional research into the very
possibility of nonlinear dynamic phenomena such as bifurcation
effects.

P3. Based on constructivist considerations, the author of this
study suggests that there is a non-obvious but objective
relationship between the mathematical construct of the
minimized functional proposed by the author and a student’s
specific behavioural goal-setting when studying a new course.
Furthermore, the author even suggests that each mathematical
formula for a nonlinear objective function defines
psychological and pedagogical patterns of student learning
behaviour when studying a new course. Furthermore, each
author’s assumption about the existence of a particular
relationship between the proposed mathematical formulas for
the optimisation description of learning goal-setting and the
corresponding types of individual student behaviour apparently
requires not only further substantiation but also further complex
proof.

P4. The presented approach requires further replication and
the broadest possible testing, involving numerous additional
recalculations of the author’s dataset within the context of
individual student computational assignments with varying
numerical parameters for each series of optimal control
problems involving student learning dynamics. Only through
the generalization of a large-scale numerical experiment will it
be possible to draw further, more comprehensive conclusions
about the nature of the nonlinear influence of various numerical
parameters of the optimisation problem of rational student goal-
setting when studying a new course on the type of learning
strategy. Even if extensive numerical modelling reveals that, for
certain numerical parameters of the optimisation problem, a
particular goal-setting approach will lead to a numerical
solution whose graphical representation does not correspond to
the trend proposed by the author, it is likely that such an
optimisation problem will still fall within one of the six student
learning strategies proposed by the author within the framework
of this engineering and pedagogical study.

P5. In the context of further computational research, it will
be possible to further complicate the fundamental differential
equation of student learning by introducing a larger number of
terms and further analyse how exactly the numerical solution
for each of the goal settings will change and clarify whether
some redistribution of goal settings will occur within the
framework of the formulated strategies for student learning of a
new course.

P6. As part of the organisation of further experimental
research, it is planned to conduct anonymous student surveys to
determine the greatest popularity of one or another educational
strategy for studying a new course, depending on the topic of a
new academic discipline, the age of the student, individual
motivation, and a wide range of other socio-psychological
parameters.

P7. The considered educational behavioural strategies of
student learning (A—F) can be further analysed using such
modern theoretical approaches as methods of game theory,
agent-based modelling, graph and network theory, as well as
structural equation modelling methods.

(1]

(2]

[3]

(4]
(3]

(6]

(71

(8]

(]

[10]

(11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

REFERENCES

G. F. Raggett et al., “A student-related optimal control problem”, Bulletin
of the Institute of Mathematics and Its Applications, vol. 17, pp. 133-136,
1981.

H. Bondi, “Note on “A student related optimum control problem” by
Raggett, Hempson, and Jukes”, Bulletin of the Institute of Mathematics
and Its Applications, vol. 18, pp. 10-11, 1982.

W. Woodside, “A student optimal control problem or how to pass courses
with the minimum expenditure of effort”, Applied Mathematics Notes,
Canadian Mathematical Society, vol. 7, pp. 2—13, 1982.

M. Parlar, “Some extension of a student related optimal control problem”,
IMA Bulletin, vol. 20, pp. 180-181, 1984.

M. S. Klamkin, “Mathematical modelling: A student optimal control
problem and extensions”, Mathematical Modelling, vol. 6, no. 1, pp. 49—
64, Jan. 1985. https://doi.org/10.1016/0270-0255(85)90021-1

T. C. E. Cheng and K. L. Teo, “Further extensions of a student-related
optimal control problem”, Mathematical Modelling, vol.9, no.7,
pp. 499-506, Jan. 1987. https://doi.org/10.1016/0270-0255(87)90057-1
C. S. Lee and G. Leitmann, “On a student-related optimal control
problem”, Journal of Optimisation Theory and Applications, vol. 65,
no. 1, pp. 129-138, Apr. 1990. https://doi.org/10.1007/BF0094 1164

C. S. Lee and G. L. Leitmann, “Some stabilizing study strategies for a
student-related problem under uncertainty”, Dynamics and Stability of
Systems, vol. 6, no. 1, pp. 63-78, Jan. 1991.
https://doi.org/10.1080/02681119108806107

Y. H. Chen, “A revisit to the student learning problem”, Optimal Control
Applications and Methods, vol. 12, no. 4, pp. 263-272, Oct.—Dec. 1991.
https://doi.org/10.1002/0ca.4660120405

G. Leitmann and C. S. Lee, “A discrete stabilizing study strategy for a
student related problem under uncertainty”, in Optimal Control: Calculus
of Variations, Optimal Control Theory and Numerical Methods, R.
Bulirsch, A. Miele, J. Stoer, and K. Well, Eds., Basel: Birkhduser Basel,
1993, pp. 173—185. https://doi.org/10.1007/978-3-0348-7539-4 13

A. Buratto and B. Viscolani, “An optimal control student problem and a
marketing counterpart”, Mathematical and Computer Modelling, vol. 20,
no. 6, pp. 19-33, Sep. 1994.
https://doi.org/10.1016/0895-7177(94)90021-3

A. Buratto and B. Viscolani, “Optimal study/advertising plan for a
knowledge/goodwill evolution process with rank memory”, Journal of
Information and Optimisation Sciences, vol. 18, no. 2, pp. 211-228, May
1997. https://doi.org/10.1080/02522667.1997.10699328

A. C. Smith etal, “Dynamic analysis of learning in behavioral
experiments”, Journal of Neuroscience, vol. 24, no. 2, pp. 447-461, Jan.
2004. https://doi.org/10.1523/INEUROSCI.2908-03.2004

A. Mehmood, “Modeling framework for understanding the dynamics of
learning performance in education systems”, in 23rd International
Conference of the System Dynamics Society, Boston, USA, July 2005.
https://proceedings.systemdynamics.org/2005/proceed/paperss MEHMO3
24.pdf

L. Bao and E. F. Redish, “Model analysis: Representing and assessing the
dynamics of student learning”, Physical Review Physics Education
Research, vol. 2, no. 1, Feb. 2006, Art. no. 010103.
https://doi.org/10.1103/PhysRevSTPER.2.010103

D. Brunetto, C. Andra, N. Parolini, and M. Verani, “Student interactions
during class activities: a mathematical model,” Communications in
Applied and Industrial Mathematics, vol. 9, no. 2, pp. 91-105, Dec. 2018.
https://doi.org/10.2478/caim-2018-0011

S. Goldt, M. S. Advani, A. M. Saxe, F. Krzakala, and L. Zdeborova,
“Dynamics of stochastic gradient descent for two-layer neural networks
in the teacher-student setup”, Journal of Statistical Mechanics: Theory
and Experiment, vol. 2020, no. 12, Dec. 2020, Art. no. 124010.
https://doi.org/10.1088/1742-5468/abc61e

D. K. N. Rachim, “Study of the lazy nature of physics students using the
quadratic optimal control method”, Jurnal Penelitian dan Pengembangan
Pendidikan Fisika, vol. 6, no. 2, pp. 279-288, Dec. 2020.
https://doi.org/10.21009/1.06214

H. Asanuma efal., “Statistical mechanical analysis of catastrophic
forgetting in continual learning with teacher and student networks”,
Journal of the Physical Society of Japan, vol. 90, no. 10, Oct. 2021, Art.
no. 104001. https://doi.org/10.7566/JPSJ.90.104001

15



Electrical, Control and Communication Engineering

2026, vol. 22, no. 1

[20] P. Castaldi and N. Mimmo, “Investigation of the student-professor
interaction and self-learning ability for an aerospace engineering student”,
IFAC-PapersOnlLine, vol. 54, no. 12, pp. 1-6, Jan. 2021.
https://doi.org/10.1016/j.ifacol.2021.11.001

[21] O. P. Chomyi, L. V. Herasymenko, and V. V. Busher, “The learning
process simulation based on differential equations of fractional orders”,
CTE Workshop Proceedings, vol. 8, pp. 473—483, Mar. 2021.
https://doi.org/10.55056/cte.301

[22] M. Kaffenberger and L. Pritchett, “A structured model of the dynamics of
student learning in developing countries, with applications to policy,”
International Journal of Educational Development, vol. 82, Apr. 2021,
Art. no. 102371. https://doi.org/10.1016/j.ijedudev.2021.102371

[23] J. W. Kooken, R. Zaini, and I. Arroyo, “Simulating the dynamics of self-
regulation, emotion, grit, and student performance in cyber-learning
environments,” Metacognition and Learning, vol. 16, no. 2, pp. 367-405,
Aug. 2021. https://doi.org/10.1007/s11409-020-09252-6

[24] K. L. Teo, B. Li, C. Yu, and V. Rehbock, Eds., “Introduction”, in Applied
and Computational Optimal Control: A Control Parametrization
Approach, vol. 171. Cham: Springer International Publishing, 2021, pp.
1-20. https://doi.org/10.1007/978-3-030-69913-0_1

[25] K. L. Teo, B. Li, C. Yu, and V. Rehbock, Eds., “Elements of Optimal
Control Theory”, in Applied and Computational Optimal Control: A
Control Parametrization Approach, vol. 171. Cham: Springer
International Publishing, 2021, pp. 173-216.
https://doi.org/10.1007/978-3-030-69913-0_6

[26] D. Lewis, “Modeling student engagement using optimal control theory”,
Journal of Geometric Mechanics, vol. 14, no. 1, pp. 131-150, Feb. 2022.
https://doi.org/10.3934/jgm.2021032

[27] S. W. Teklu and B. B. Terefe, “Mathematical modeling analysis on the
dynamics of university students animosity towards mathematics with
optimal control theory”, Scientific Reports, vol. 12, no. 1, Jul. 2022, Art.
no. 11578. https://doi.org/10.1038/s41598-022-15376-3

[28] C. C. J. Dominé, L. Braun, J. E. Fitzgerald, and A. M. Saxe, “Exact
learning dynamics of deep linear networks with prior knowledge”,
Journal of Statistical Mechanics: Theory and Experiment, vol. 2023, Nov.
2023, Art. no. 114004. https://doi.org/10.1088/1742-5468/ad01b8

[29] M. Qiu, “Dynamic model construction and correlation analysis of college
students’ academic performance”, Journal of Computational Methods in
Sciences and Engineering, vol. 23, no. 2, pp. 963-973, Mar. 2023.
https://doi.org/10.3233/JCM-226473

[30] A. El Bhih, Y. Benfatah, H. Hassouni, O. Balatif, and M. Rachik,
“Mathematical modeling, sensitivity analysis, and optimal control of
students awareness in mathematics education”, Partial Differential
Equations in Applied Mathematics, vol. 11, Sep. 2024, Art. no. 100795.
https://doi.org/10.1016/j.padiff.2024.100795

[31] J. G. Vergaio-Salazar, M. Del Valle, C. Muifioz, J. Miranda, A. Precht,
and J. Valenzuela, “Modeling learning-oriented motivation in health
students: a system dynamics approach,” BMC Psychology, vol. 12, no. 1,
Sep. 2024, Art. no. 512. https://doi.org/10.1186/s40359-024-02014-y

[32] P. Castaldi and N. Mimmo, “Representing the dynamics of student
learning and interactions with a university curriculum”, IFAC-
PapersOnLine, vol. 58, no. 16, pp. 211-216, Jan. 2024.
https://doi.org/10.1016/j.ifacol.2024.08.488

[33] C. N. Loong and C.-C. Chang, “Control knowledge tracing: Modeling
students’ learning dynamics from a control-theory perspective”,
Computers and Education: Artificial Intelligence, vol. 7, Dec. 2024, Art.
no. 100292. https://doi.org/10.1016/j.caeai.2024.100292

[34] E. Papageorgiou, J. Wong, M. Khalil, and A. J. Cabo, “Nonlinear effort-
time dynamics of student engagement in a web-based learning platform:
A Person-oriented transition analysis”, Learning Analytics, vol. 12, no. 2,
pp. 237-258, Aug. 2025. https://doi.org/10.18608/j1a.2025.8663

[35] M. Zine, F. Harrou, and Y. Sun, “Understanding student behavioral
dynamics in Moodle through chaos theory and interpretable machine
learning”, SN Computer Science, vol. 6, no. 8, Dec. 2025, Art. no. 1011.
https://doi.org/10.1007/s42979-025-04595-w

[36] J. Akesson, K.-E. Arzén, M. Gifvert, T. Bergdahl, and H. Tummescheit,
“Modeling and optimisation with Optimica and JModelica.org —
Languages and tools for solving large-scale dynamic optimisation
problems”, Computers & Chemical Engineering, vol. 34, no. 11,
pp. 1737-1749, Nov. 2010.
https://doi.org/10.1016/j.compchemeng.2009.11.011

[37] A. V. Perig, N. N. Golodenko, V. M. Skyrtach, and A. G. Kaikatsishvili,
“Hydraulic analogy method for phenomenological description of the
learning processes of technical university students”, European Journal of
Contemporary Education, vol. 7, no. 4, pp. 764-789, Dec. 2018.
https://doi.org/10.13187/ejced.2018.4.764

[38] A.V.Liuta, A. V. Perig, M. A. Afanasieva, and V. M. Skyrtach, “Didactic
games as student-friendly tools for learning hydraulics in a technical
university’s undergraduate curriculum”, Industry and Higher Education,
vol. 33, no. 3, pp. 198-213, Jan. 2019.
https://doi.org/10.1177/0950422218824507

[39] A. V. Perig, N. N. Golodenko, O. V. Lapchenko, V. M. Skyrtach, A. A.
Kostikov, and O. V. Subotin, “Recent postdigital transformations of
undergraduate learning processes in the study of multidisciplinary
materials science”, International Journal of Continuing Engineering
Education and Life-Long Learning, vol. 29, no. 3, pp. 251-291, Jul. 2019.
https://doi.org/10.1504/1IJCEELL.2019.10021595

[40] A. V. Perig, N. N. Golodenko, R. S. Martynov, and A. G. Kaikatsishvili,
“Educational research into socio-economic dynamics of university
graduate employment: Triple analogy-based physics-and-engineering
approach to labor market oscillations”, WORK: A Journal of Prevention,
Assessment & Rehabilitation, vol. 65, no. 1, pp. 3-29, Dec. 2019.
https://doi.org/10.3233/WOR-193054

[41] A. V. Perig etal., “Engineering pedagogy course mapping”, Acta
Metallurgica Slovaca, vol. 28, no. 1, pp. 49-67, 2022.
https://doi.org/10.36547/ams.28.1.1411

[42] J. A. C. Hattie and G. M. Donoghue, “Learning strategies: a synthesis and
conceptual model”, npj Science of Learning, vol. 1, Aug. 2016, Art. no.
16013. https://doi.org/10.1038/npjscilearn.2016.13

[43] R. N. Jazar, “Time optimal control”, in Theory of Applied Robotics:
Kinematics, Dynamics, and Control, R. N. Jazar, Ed. Cham: Springer
International Publishing, 2022, pp. 731-757.
https://doi.org/10.1007/978-3-030-93220-6_13

[44] O. V. Perig, “DataSet for Perig’s manuscript on performance index-
dependent student learning dynamics — ver 26112024”, Nov. 2024.
https://doi.org/10.13140/RG.2.2.19324.24966

Oleksandr Viktorovych Perig was born in 1980
in the city of Sloviansk. He graduated from the
Faculty of Physics and Mathematics of the
Sloviansk State Pedagogical Institute in 2002 and
received a specialist diploma in the specialty
“Pedagogy and Methodology of Secondary
Education. Physics”. In 2011, in the city of
Kramatorsk, he defended his diploma of
Candidate of Technical Sciences in the specialty
05.03.05 “Processes and machines for pressure
treatment” at the Donbas State Engineering
Academy (DSEA). In 2014, in the city of
Kramatorsk, he received the academic title of
Associate Professor of the Department of Automation of Industrial Processes
of the DSEA. His main area of current research is related to the social and
dynamic problems of engineering education (EE) and engineering psychology
with current didactic emphases on the methodological foundations of
mechanical EE, electrical EE, control EE, and network EE.

Since 2002, he has been working as an instructor at DSEA, where from
September 2002 to May 2012, he worked as an Assistant Lecturer at the
Department of Technical Mechanics at DSEA; from June 2012, he worked as a
Senior Lecturer at the Department of Technical Mechanics at DSEA; from
January 2013, he worked as a Senior Lecturer at the Department of Automation
of Industrial Processes, and since May 2013, he has been working as an
Associate Professor at the Department of Automation of Industrial Processes at
DSEA. His current research interests focus on automation-cybernetic modelling
of nonlinear engineering and pedagogical processes of teaching and learning in
complex socio-technical systems. During his career, he has written 115 journal
reviews verified by the Web of Science.

E-mail: Oleksandr.Perih@ddma.edu.ua
ORCID iD: https://orcid.org/0000-0002-6923-6797

16



	A. Limitations of the Present Research
	B. Opportunities for Future Research Areas

