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Abstract — The practical need for an effective student-centric
organisation of active study by Bachelor’s and Master’s students
of technical specialties at universities of the course on the
fundamentals of optimal control theory determines the relevance
of the author’s methodological approach presented in this paper.
The approach is associated with the development of a
comprehensive individual student assignment on computational
multi-criteria nonlinear optimisation modelling of various optimal
controls of linear one-dimensional motion of a controlled material
point within the framework of the computational visualisation of
the sequential nonlinear influence of the algebraic construct of
each of the minimized functionals (A1)-(A20). They were
mathematically  constructed from systems engineering
considerations on the completely non-obvious nonlinear dynamic
features of each corresponding geometric profile of the desired
optimal control signal. Most of the nonlinear formulas for the
minimized functionals (A3)-(A20) proposed by the author of this
study are original and principally new applied scientific results for
the multidisciplinary field of engineering teaching of optimal
control. The calculated results of nonlinear optimisation modelling
presented in this study were obtained using the computing
capabilities of JModelica-{1.17; 2.14} with the Optimica extension.
The study can find wide engineering and pedagogical application
in teaching university disciplines in automation, cybernetic,
mechanical, electromechanical, information technology and
computational optimisation cycles.

Keywords — Control engineering education, control
nonlinearities, dynamics, key performance indicator, machine
control, mechatronics, motion analysis, optimal control.

I. INTRODUCTION

Optimal control problems with various forms of minimized
functionals are of great importance in the training programs of
engineering specialists in almost every technical specialty [1]—
[47]. On the other hand, the vast majority of available textbooks
[37]-[39] practically do not cover algorithmic, computational
and software-specific features of the formulation, statement and
computational solution of optimal control problems. The use of
open source software [1], [4], [5] is also ignored by most
available optimisation textbooks [37]-[39], which emphasizes
the relevance of the presented instructional work.

Improving the teaching of optimal control theory is an
important complex problem of modern engineering education,
given that almost every topic of the final educational and
qualification work of a candidate for higher technical education

at the Bachelor’s, Master’s or PhD level mostly contains an
ambitious formulation of a project promise regarding the
successful achievement of an optimisation goal related to
increasing one of such parameters of the performance of a
technical process or engineering system as efficiency,
productivity, quality, speed, accuracy etc.

II. CONCERNING CMCES COURSE MAPPING

A freeware-enhanced introductory course of Classical
Mechanics for Control Engineering Students (CMCES course)
should practically acquaint freshman automation engineering
major students with mechanics inspired applications of control
engineering concepts and techniques in the multidisciplinary
field of guided dynamics, analytical mechanics, vibration
theory, mechatronics, automated control, scientific
programming, engineering optimisation, and optimal control.

Generally speaking, the particle dynamics module is the
standard  educational component of the numerous
undergraduate-, graduate- and postgradute-level courses in
physics, mechanics, mechatronics, optimisation, automatic and
optimal control for university students majoring in all fields and
branches of modern engineering sciences [1]-[47]. Moreover,
it is possible to introduce some basic concepts of automation
and control engineering with a wide use of toy models of guided
point dynamics within the mapped CMCES course.

The concept of control should be the central topic of the
mapped CMCES course.

However, this is a complex and non-obvious didactic
assignment to effectively and briefly narrate a student-friendly
CMCES course, which should computationally acquaint first-
year Bachelor’s students majoring in automation and control
engineering with mechanical illustrations of the control concept
in application to guided motion description.

Today a CMCES-enhanced Optimal Control Course (OCC)
should be considered as a compulsory discipline because
themes of all B.Sc., M.Sc., and PhD diploma projects for the
full range of engineering specialties routinely declare the
standard promises of thesis, in particular, technical problem
solutions through successful achievement of targeted quality
criterion optimisation of technological process.

However, practically speaking, many graduate students have
numerous difficulties with proper understanding of
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computational estimation and engineering interpretation of
such popular quality criteria as Time-Optimal Performance
Criterion (Minimum-Time Criterion) and Quadratic Quality
Criterion (Quadratic Performance Index).

Moreover, undergraduate, graduate and postgraduate
engineering students as well as industrially-employed graduate
engineers (Dipl.-Ing.) have numerous methodological
problems, associated with practical acquisition of software-
implemented numerical methods and computational techniques
of Optimal Control Theory (OCT).

III. THE SCOPE OF THE RESEARCH

Both CMCES course-enrolled and OCC course-enrolled
students should understand the difference between the different
performance criteria from a practical viewpoint. It is possible to
visualise the difference between different quality criteria
through the application of computational possibilities of
JModelica.org with Optimica extension.

The scope of this paper is focused on Modelica-enhanced
student-friendly explanation of performance index-related
concepts in the courses of classical mechanics, mechatronics,
and optimal control.

Paper Novelty Statement: The prime scientific novelty of this
study, devoted to optimal control teaching techniques, is based
on the author’s construction of non-obvious new algebraic
forms (A3)-(A20) of minimized objective functions-
functionals (A1)-(A20) that define methodologically
interesting nonlinear dynamics of u-controlled one-dimensional
motion of a guided material particle. Many constructs (A3)—
(A20) of the Modelica-solvable nonlinear objective functions
proposed by the author are fundamentally new results for
freeware-assisted control engineering education.

Paper Highlights: Teaching of multicriterial optimisation in
the mechanics course is provided. Original constructs of
minimized functionals (A3)—(A20) are proposed. Nonlinear
dynamic effects in optimal control problems are visualised.

Justification for the scientific novelty of the author’s
approach: In the context of verifying the statement about prime
scientific novelty of the presented study, the author has
thoroughly familiarised himself with the existing scientific,
technical and methodological literature on engineering and
engineering and pedagogical developments in the field of
methodology of teaching the theory of optimal control, but has
not found in previously known works [1]-[33], [35]-[47] either
constructs of minimized functionals similar to the target
functions (A3)-(A20) proposed by the author in Table I, or
graphical plots similar to Figs. 3-20, which confirms the
author’s statement about the principal scientific novelty of this
study.

The engineering and pedagogical implications of the
presented study are consonant with the following main ideas of:
I1. Systems approach in pedagogy; 12. Synergetic approach in
pedagogy; 13. Cybernetic approach in pedagogy; 14. Game-
based approach in pedagogy; IS.Project-based learning;
16. Constructivism in pedagogy; 17. Pragmatism in pedagogy;
I8. Positivism  in  pedagogy; 19. Flipped classroom;

I10. Finalistic approach in pedagogy; I11. Teleological
approach in pedagogy; I112. Causal approach in pedagogy.

IV. STATEMENT OF A “MULTI-HEADED” DYNAMIC PROBLEM
OF MULTI-CRITERIA OPTIMAL CONTROL

Technical instructor explains to students that particle
dynamics of u -controlled motion deals with two levels of
particle motion description (Table I).

Lower level “B” of particle dynamics (B1)—(B6) includes
Newtonian differential equations (B1) containing the phase
(state) variables {x1 ;xz} and control signal u, initial (B2), (BS)
and boundary (B3), (B6) conditions for both phase (state)
variables {xl ;xz}, as well as restrictions (B3), (B6) on u-signal
values, including additional restrictions on phase (state)
variables {xl ;xz} etc.

Upper level “A” of particle dynamics includes the engineer-
chosen structure ((A1)-(A20)) of quality criterion J (minimized
functional J).

Let us consider the nature of the dynamic influence of
nonlinear quality criteria ((A1)-(A20)) in the form of integral
objective functions (Table I) on the one-dimensional controlled
dynamics of a linearly moving point mass (Figs. 1-21). As part
of the implementation of this instructional assignment, the
author’s set of calculation data [34], detailed Table I and the
series of corresponding computational Figs. 1-21 were
prepared using the computational capabilities of the open
source software jModelica.org-{1.17; 2.14} with the Optimica
extension [1].

Let a material point of mass m=1 [kg] ((B4) in TableI)
move rectilinearly along the horizontal Ox -axis (Fig.21),
where material particle moves sequentially from the initial

tp=0[s)  phase  position {(x(ty)k (V(5y))}=
+20[m}~15[m/s]} ((B2), (B5)in Table I; Fl% 215t0 the final
X

’ phase position ty }(V(tf »}
~20[m}—10[m/s]} ((B3), (B6) in Table I; Fig. 21).

The control force F(¢)=ult)|N] is applied to material point,
which is the resultant of the active forces F(t)[N], directed
along Ox -axis (Fig. 21). Certain energy-power restrictions are
imposed on the Value of the control force F (t)zu(t) [N]:

mll’l _ umm S u(l‘)< umax Where

mm m1n IST <
respectlvely, the minimum umm 25 N and max1mum
U (1) = 435 [N] values of the control force F(f)= (t)[N]
((B3), (B6) in Table I).

Using the computational capabilities of the free software
JModelica.org with the Optimica extension, an engineering
student was encouraged to solve twenty optimal control
problems (({(Al), (B1) — (B6), Fig. 1}; ... {(A20), (B1)—~(B6),
Fig. 20}) for one-dimensional controlled motion of material
particle with achievement of minimization of the nonlinear
objective functions (A1)—(A20).

For every minimized functional (A1)—(A20), the student
should approximately estimate for which Modelica-optimised
time interval (t = ?E; it is possible to move a material point
with mass m from the initial phase position {xlo, xzo} to the
final phase position {xlf; xzf}, if U, < u(t) Unax (Table I).

=7|s

18



Electrical, Control and Communication Engineering

2026, vol. 22, no. 1

It is also necessary graphically visualise the corresponding
functional dependencies for the control force u = u(t): ? [N],
horizontal coordinate x; =x, (t):?[m] and particle velocity
X, =X, (t) =7 [m s] on the current time ¢[s] for every particular
algebraic structure among the twenty performance indices
((A1)—(A20)). The instructor draws the audience’s attention to
the fact that both Table I and Figs. 1-21 represent an actual
example of the student’s individual calculation task as part of
an optimisation dynamic study of twenty possible nonlinear
target functions ((A1)-(A20)).

At the initial moment of time # =0 [s], the material point was
in the starting position “0”, geometrically located to the right of
the origin O with the initial Cartesian horizontal coordinate
X9 =+20 [m] and with the initial horizontal velocity V, [m/ s]
directed to the left (Vo T x} (Vo T x,)) , with the initial
direction of V, [m/s] algebraically given as x,, =—15 m/s},
where the value of point initial velocity is V;, = ‘sz0| =15 |m/s].
The initial phase coordinates (initial coordinate; initial velocity)
of the controlled material point are characterised by the
numerical values of the both states
(105 %20 )= (+20[m} —15[m/s]), which determine the initial
phase state {xw; X, ¢ of the moving material point in the state
space (Fig. 21). The teacher additionally draws the students’
attention to the fact that the both initial conditions {xlo; x20} at
t=0 [s] for the one-dimensional motion of the controlled point
can be visually verified by looking on the left at the zero-time
values of the both calculated curves x; = x, (t) and x, =x, (t)
on each of the twenty calculated graphs in Figs. 1-20.

At the final moment of time =1, [S], the material point was
in the final position “f”, geometrically located to the left of the
origin O with the final Cartesian horizontal coordinate
Xy =-20 [m] and with the final horizontal velocity V, [m/ s]
directed to the left ((V/ N x} (Vf N xl)), with the final
direction of V, m/s| algebraically given as X, =-10 m/s|,
where the value of point final velocity is V', sz_f | =10 [m/s|.
The final phase coordinates (final coordinate; final velocity) of
the controlled material point are characterised by the numerical
values of the both terminal constraints
(x, 3% f)—( 20 [m ]} 10 [m/s]), which determine the final
phase state x; ;5 X, { of the moving material point in the state
space (Fig. 21). The teacher additionally draws the students’
attention to the fact that the both final conditions (or terminal
constraints) X p; X, at 1=1; [s] for the one-dimensional
motion of the controlled point can be visually verified by
looking on the right at the final-time values of the both
calculated curves x, :xl(t) and x, :xz(t) on each of the
twenty calculated graphs in Figs. 1-20.

Both the initial Velocity vector 'V, [m/s] and the final
velocity vector m/s| are directed to the left
((VO N x} (Vf N x) (Vo ™ \Z )) and the linear point
displacement 0f from the initial point “0” to the final point “f”
is also directed to the left ((0f T x} (0f 71 v, h(0of T v /.5;
Thus, currently there are no switching in the direction of
movement of the controlled point and no additional stops during
particle movement occur (Fig. 21).

TABLE I
The Structure of the Following Twenty Well-Posed Optimisation Problems Proposed by the Author

A. “Head-Level” or “Upper Floor” (A1) — (A20)) of Optimal Control Problem (Figs. 1-21): min(J)-Quality Criterion (Performance Index; Performance
Indicator; Performance Criterion; Objective Function; Terminal Cost Function; Minimized Functional) ((A1)-(A20)):

Al. Time-Optimal Control Problem (Minimum Time Optimisation Problem): In(lI)l(J 1) In(ll)l(t f) (A 1) where {Modelica, Optimica}-optimised value

(tf ) = (tf )1 of point motion final time in J;-functional is unknown in advance (Z‘f ) = (tf )1 =7 (Fig. 1).

and the control signal: m(m J P min

A2. Optimisation Problem with Quadratic Quahty Criterion (Quadratic Performance Index) defined as integral of the sum of the squares of both phase variables

ni j (b b

]pt ; (AZ) , where the constant upper limit of integration

t ; (t ;) )— const (S ) has the fixed value. E.g., it was assumed in Fig. 2 that student-predetermined time of material particle motion ((t ; )2 )= 1.65 (S)

and ((f;) ) ((t f) ) Therefore, the previous formula (A2) yields that 1‘11(11)1(] 2) m1n J. ([xl ] [x2 ] [

1.65

])dt ; (Az*).

pairwise differences of control signal and reciprocals of both phase variables:

)
optimised value (t

A3. Optimisation Problem with (1/(x;))-modified Quadratic Quality Criterion (Quadratic Performance Index) defined as integral of the sum of squares of

s 1 (i) (i ()

r ) = ((t 7 )3) of final time in variable upper limit of integration in minimized J3-functional is unknown in advance (t r ) = ((l‘ 7 )3 )= ?

2
dt |; (A3) (Fig. 3), where {Modelica, Optimica}-

A4. Optimisation Problem with ((der(x;))"3)-and-(u"3)-modified Integral Performance Index (Integral Quality Criterion) defined as integral of the sum of the
cube of the control signal and the cubes of the first time derivatives of both phase variables:
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(’ r) 3 3
min(J4 ) — min j (d(x—l(t))) + (Mj + [(u(t))3] dt |; (A4) (Fig. 4), where {Modelica, Optimica}-optimised value (tf)= ((tf )4)

u(t) u(t) dt dt

of final time in variable upper limit of integration in minimized J4-functional is unknown in advance (t 7 ) = ((l ! ) 4)2 ?

AS5. Optimisation Problem with power (1/2)-modified Quadratic Performance Index (square root-modified Quadratic Quality Criterion) defined as integral of the
square root of the sum of the squares of both phase variables and the control signal or defined as integral of the square root of the quadratic quality criterion:

(’f ) ‘
r:?(ilr)l(lls ) = l’ll;l(ltl)l I %/(l(xl (t))2 J+ l(xz (t))2 J+ l(u(t))z J)dt ; (AS) (Fig. 5), where {Modelica, Optimica}-optimised value (l‘f)Z ((tf )5) of final time
0

in variable upper limit of integration in minimized Js-functional is unknown in advance (t 7 ) = ((t f )5 )Z ?

A6. Optimisation Problem with power (1/3)-modified Quadratic Performance Index (cube root-modified Quadratic Quality Criterion) defined as integral of the
cube root of the sum of the squares of both phase variables and the control signal or defined as integral of the cube root of the quadratic quality criterion:

(’f)
T(ltl)l(J 6) = l‘fll(ltr)l J. %/(l(xl (t ))2 J+ l(xz (t ))2 J+ |_(u(t ))2 J)dl‘ 5 (A6) (Fig. 6), where {Modelica, Optimica}-optimised value (t f)= ((t f ) 6) of final time
0

in variable upper limit of integration in minimized Js-functional is unknown in advance (t ! ): ((l‘ 7 ) A )= ?

A7. Optimisation Problem with power (1/3)-modified quadratic Performance Index (cube root-modified Quadratic Quality Criterion) defined as integral of the
cube root of sum of squares of pairwise differences of both phase variables and control signal or defined as integral of the cube root of the quadratic quality

Q/)

criterion: n’l(iI)l(J7 ) = l’n(llil I %/((xl (t) —X, (l‘))z + (xl (t)— u(l‘))z + (xz (l‘) - u(t))2 )dt ; (A7) (Fig. 7), where {Modelica, Optimica}-optimised value
u(t ult
0

(t_ f ) = ((tf )7 ) of final time in variable upper limit of integration in minimized J;-functional is unknown in advance (t_ f ) = ((tf )7 )Z ?

AS8. Optimisation Problem with (x;xx;xu?)-modified Integral Multiplicative Performance Index defined as integral of the product of the first and second phase
variables multiplied by the square of the control signal or defined as integral of the product of both state variables and square of control signal:

(t /’)

in J- ((xl (t )) (x2 (t )) [(u (t ))2 ])dt ; (AS) (Fig. 8), where {Modelica, Optimica}-optimised value (t ! ): ((t f )8) of final time in variable
f .
0

mitn(JS)z h

u(t)

upper limit of integration in minimized Js-functional is unknown in advance (l ! ) = ((t 7 )8): ?

A9. Optimisation Problem with ((d(x;)/d#)*(d(x,)/df))xu-modified Integral Multiplicative Performance Index defined as integral of the product of the control
signal and the first time derivative of the first phase variable, multiplied by the first time derivative of the second phase variable, or defined as integral of the
product of time-rates of both state variables and control signal:

min(Jy )= min (t.(i;) Kd(xl (t))ﬂ : Kd(xz (t))ﬂ (u(?)) [dr |; (A9) (Fig. 9), where Optimica-optimised value (¢, )= (¢, )9) of final time in

u(lt) u(t) dt dt

variable upper limit of integration in minimized Jo-functional is unknown in advance (t f ): ((t 7 )9 )2 ?

A10. Optimisation Problem with (((x;)! — u)'*(d(x;)/d?)")-modified Integral Multiplicative Performance Index defined as integral of the product of the first time
derivative of the first phase variable and the first time derivative of the second phase variable, multiplied by the difference between the first phase variable and
the control signal, and also multiplied by the difference between the second phase variable and the control signal:

(’f)

minU3o)=min | [((xl (t))_u(t)).((xz(t))_u(t)).(d (x (f»].(d (XZ(t))Ddt - (A10) (Fig. 10, where Optiica-aptimised value

u(t) u(t) dt dt

(l‘ 7 ) = ((t 7 )] 0) of final time in variable upper limit of integration in minimized J)o-functional is unknown in advance (t 7 ): ((l‘ 7 )l 0 )= ?

Al1. Optimisation Problem with (((x;)* — w)**((d(x;)/df)* — u))-modified Integral Multiplicative Performance Index defined as integral of the product of the
difference of the square of the first time derivative of the first phase variable minus the control signal, multiplied by the difference of the square of the first time
derivative of the second phase variable minus the control signal, multiplied by the square of the difference of the square of the first phase variable minus the
control signal, and also multiplied by the square of the difference of the square of the second phase variable minus the control signal:
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min(J;,) = min (T) (((xl([))z_u(l))zj.(((xz(t))z_u(t))z). (sz—u(l‘) . (sz—u(t) dt |; (A11) (Fig. 11), where

u(t) u(t) dt dt

optimised value \f )= \\f + of final time in variable upper limit of integration in minimized J;-functional is unknown in advance \f , |=\\ ; =7
/ /i Y /i

A12. Optimisation Problem with (((x;)* — u)**((d(x;)/df)* + u))-modified Integral Multiplicative Performance Index defined as integral of the product of the sum
of the square of the first time derivative of the first phase variable with the addition of the control signal, multiplied by the sum of the square of the first time
derivative of the second phase variable with the addition of the control signal, multiplied by the square of the difference of the square of the first phase variable
minus the control signal, and also multiplied by the square of the difference of the square of the second phase variable minus the control signal:

min(J,,)=min (tf) (((xl(t))z_u(t))zj.(((xz(t))z_u(t))zj. [MTMQ) . [Mfﬂ,@) dt |: (A12) (Rig 12), where

u(t) u(t) dt dt

optimised value (l 7 ) = ((l f )1 2) of final time in variable upper limit of integration in minimized J;,-functional is unknown in advance (t f ) = ((l‘ 12 )1 ) )Z ?

A13. Optimisation Problem with ((x;)*%(x2)**u*)-modified Integral Multiplicative Performance Index defined as integral of the product of the square of the first
and square of the second phase variables multiplied by the square of the control signal or defined as integral of the product of the squares of state variables and

! f‘)
control signal: I1l4l(ltl)l(J 13 ) = r:il(ltl)l J. ([(xl (t))z ] [(x2 (t))2 ] [(u(t))2 ])dt ; (Al3) (Fig. 13), where {Modelica, Optimica}-optimised value (t f): ((t 1 )]3)
0

of final time in variable upper limit of integration in minimized J3-functional is unknown in advance (l 12 )Z ((Z f )1 ): ?

Al14. Optimisation Problem with (((x;)? + u)**((d(x;)/d?)* + u))-modified Integral Multiplicative Performance Index defined as integral of the product of the sum
of the square of the first time derivative of the first phase variable with the addition of the control signal, multiplied by the sum of the square of the first time
derivative of the second phase variable with the addition of the control signal, multiplied by the square of the sum of the square of the first phase variable with
the addition of the control signal, and also multiplied by the square of the sum of the square of the second phase variable with the addition of the control signal:

min(J,, ) = min (T) (((xl (;))2 +u(t))2).(((x2 (t))2 +u(t))zj [MT +ulr) |- [M]z +ulr) | |dt |;(A14) (Fig. 14), where

u(t) u(t) dt dt

optimised value (t 7 ) = ((l 7 )1 4) of final time in variable upper limit of integration in minimized J,4-functional is unknown in advance (t f ): ((l f )1 ): ?

A15. Optimisation Problem with (((x;)® — u)'*(d(x,)/df)*)-modified Integral Multiplicative Performance Index defined as integral of the product of the cube of the
first time derivative of the first phase variable and the cube of the first time derivative of the second phase variable, multiplied by the difference of the cube of
the first phase variable minus the control signal, and also multiplied by the difference of the cube of the second phase variable minus the control signal:

(’/‘) 3 3
minis)=mi ! () =) (o 0 a0} (Mj [Mj it |; (A15) (Fi 19, where Optimica-optimised value

ult) dt dt

(tf ) = ((t 7 )1 5) of final time in variable upper limit of integration in minimized J;s-functional is unknown in advance (t f)z ((t f )l 5 )= ?

A16. Optimisation Problem with (((x;)* + ©)'*(d(x;)/df)*)-modified Integral Multiplicative Performance Index defined as integral of the product of the cube of the
first time derivative of the first phase variable and the cube of the first time derivative of the second phase variable, multiplied by the sum of the cube of the first
phase variable with the addition of the control signal, and also multiplied by the sum of the cube of the second phase variable with the addition of the control

(e;) 3 3
signal: r}tl(itr)l(.]m): nin _([ ((x1 (t))3+u(t))- ((xz(t))3+u(t))- [M) : (M) dt |; (A16) (Fig. 16), where Optimica-optimised

() dt dt

value (t f ) = ((t 7 )1 6) of final time in variable upper limit of integration in minimized J,s-functional is unknown in advance (f_ 7 ) = ((t 12 )1 6 )2 ?

A17. Optimisation Problem with (((x;)* — #%)'*((d(x;)/d£)* — u*))-modified Integral Multiplicative Performance Index defined as integral of the product of the
difference of the cube of the first time derivative of the first phase variable minus the square of the control signal, multiplied by the difference of the cube of the
first time derivative of the second phase variable minus the square of the control signal, multiplied by the difference of the cube of the first phase variable minus
the square of the control signal, multiplied by the difference of the cube of the second phase variable minus the square of the control signal (Fig. 17):

(r,) 3 3
minr)=min | | (0 ~G)P M) ~G0F H [ “22] —putp | (2] [ | r17). e

u(t) u(t) dt dt

optimised value (l 12 ) = ((t f )1 7 ) of final time in variable upper limit of integration in minimized J;,-functional is unknown in advance (t f ) = ((l‘ f )1 )= ?

A18. Optimisation Problem with (((x;)* + ©?)'x((d(x;)/df)* + u?))-modified Integral Multiplicative Performance Index defined as integral of the product of the
sum of the cube of the first time derivative of the first phase variable with the addition of the square of the control signal, multiplied by the sum of the cube of
the first time derivative of the second phase variable with the addition of the square of the control signal, multiplied by the sum of the cube of the first phase
variable with the addition of the square of the control signal, multiplied by the sum of the cube of the second phase variable with the addition of the square of
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the control signal (Fig. 18):
(r f)

min(J,4 )= min

ult) ult)

(07 o0 0P (A5t (45T b 419,

dt

optimised value (t f )Z ((l‘ 12 )1 8) of final time in variable upper limit of integration in minimized J;s-functional is unknown in advance (l‘ f ): ((t f )1 )2 ?

dt

phase variable minus the control signal:

(’f)

m'n(Jlg): in

u(t) u(t) dt

A19. Optimisation Problem with (((x;)* — u)'*(d(x;)/d¢)*)-modified Integral Multiplicative Performance Index defined as integral of the product of the fourth
power of the first time derivative of the first phase variable, multiplied by the fourth power of the first time derivative of the second phase variable, multiplied
by the difference of the fourth power of the first phase variable minus the control signal, and also multiplied by the difference of the fourth power of the second

] (o =t} sy -t [(MTM(MTJ it |+ (A19) (Fi. 19, where aptimised value

(t_ 7 )Z ((t f )1 9) of final time in variable upper limit of integration in minimized Jio-functional is unknown in advance (tf ) = ((t f )1 ): ?

dt

&f)

min(J,, ) =min|

ult) ulr)

A20. Optimisation Problem with (exp((~1)*x;))x(sin((u—1)?))-modified Integral Multiplicative Performance Index defined as integral of the product of the sine
of the square of the difference in the control signal minus one, multiplied by the number e raised to the power of the negative value of the first phase variable:

I ([sin((u (t)— 1)2 )] [exp(— X (l‘ ))]pt 5 (A20) (Fig. 20), where {Modelica, Optimica}-optimised value (tf ) = ((tf )20) of final
0

time in variable upper limit of integration in minimized J5-functional is unknown in advance (l‘ f ) = ((t f )2 0 )= ?

B. “Torso-Level” or “Ground Floor” (B1) — (B6)) of Optimal Control Problem (Figs. 1-21):

B1. Newtonian Dynamic System

{Dynamic Equations} {The States}

B2. Initial (Start) Conditions

B3. Terminal (Final) Conditions {The Constraints}

)

dt (B1) x1(0)=xy0; (B2)

=(x0));
{

d(x; () _(ule)),
(th = ? 4 Umin < u(t) = Umax »
B4. Numerical Values (B4)—(B6) for Optimisation Problem (B1)—(B3) Parameters:
X =-20 [m];
m =1 el (34) { =20k (o) leff= -10[m/s);  (Be)
mig 12 o =15 s “2s[NJ<uf)< 35 [N]

Kinematic schematic for the numerical values of the
{xlo; xzo} -states (B2), (B5) and the {xl £3% f} -constraints
(B3), (B6) in computational Figs. 1-20 is shown in Fig. 21.

Performance index-dependent Modelica-derived solutions of
optimal control problems ((Al1)—(A20)) were numerically
computed for one and the same boundary value problem (B1)—
(B3) of Newtonian dynamics for material point linear motion
from right to left without additional stop-points but with
different structures (Table I) of minimized J-functionals in
Figs. 1-20 [34].

Fig. 1 shows the numerical solution of time-optimal min(J;)-
optimisation problem {(Al), (B1) — (B6)} with Modelica-
optimised minimum time (tf = (tf ljz 1.63 (s) of particle
motion.

Fig. 1 shows the “model” graphs of the solution of the
problem of optimal speed of response, from which it is evident
that the controlled material point at the initial moment of time
(t ): 0 [S] leaves the initial phase position “0” with the initial
phase coordinates (x,0; x,9) = (+20 [m]; =15 [m/s]) and during

some previously unknown shortest time #1 moves to the final
phase position “/” with the final phase coordinates (xl 3% f)
=(-20[m]; =10 [m/s]) without any additional stops in the
process of movement, and in this case all three vectors 0f ; V,
and V, are directed to the left, i.e., are collinear and co-
directed with respect to each other:
((of 11 v, ) (or 11 v, )i(v, 11 v, ).

It is useful to compare all min(J;)-dependent ({xl,xz,u}i)—
plots in Modelica-derived Figs.2-20 with Fig. 1 — outlined
({xl,xz,u}l)— plots assuming consideration of (Al) criterion-
associated Fig. 1 as a comparator.

Fig. 2 shows that quadratic quality criterion {(A2)

: : (Blﬁ—

(B6)} yields Fig. 1 — sijnslar plo;s for}z (Besen((l;nﬂj(t; )2 _
h L )=\t ) Jre.

final-time moments ((t; S((t f)l and (t B

In this case, the calculated Fig.2 shows the effect of
parabolic smoothing of the minimum break in the linear
velocity x, of the moving material point in Fig. 1.
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Fig. 1. Modelica-derived numerical bang-bang solution of the time-optimal
control problem {(Al), (B1)-(B6)} for the one-dimensional horizontal motion
of the guided point mass from initial to final phase position in the case of the
(Al)-quality criterion minimization with minimum motion time achievement,

where Optimica-optimised value (t 7 ) = ((l‘ ! )l ) of point motion final time in
variable upper limit of integration in minimized (A1)-functional is unknown in

tf | =7 and the value of

()= ) )=, )( jl))z 1.63 (s) was estimated in Fig. 1.

While studying the numerical methods course, students may
have heard terms such as “quadratic smoothing” or “quadratic
parabola smoothing” (Fig. 2).

advance

3o 0.2 0.4 0.8

0.6 1.0 12

1.4
time

Fig. 2. Modelica-derived numerical solution of the optimal control problem
{(A2), (B1)-(B6)} for the one-dimensional horizontal motion of the guided
point mass in the case of the (A2, A2*)-quadratic quality criterion minimization
where (A2%*) has the form of the defined integral with the constant upper limit

of integration (l; )= ((t; )J ): ((t; )2 ): 1.65 (S) , where the particular
numerical value of the predetermined time of material particle motion ((t ; )2)

in (A2*) was chosen as ((t; )2 )z ((t f )1 )+ € based on the visually observed

parabolic smoothing of the minimum break of x,- velocity curve in Fig. 1,
plotted for the case Al.

At the same time, a visual comparison of the “middle” x,-
graphs in the calculated Fig. 1 and Fig. 2 clearly shows students
what “quadratic smoothing” (Fig. 2) of the lower break of the
linear velocity (Fig. 1) looks like in practice within the

framework of using the computational capabilities of the
quadratic quality criterion (A2).

-1

-2 : : ; : : d
- i i i i i i

E.G 0.5 1.0 15 2.0 25 3.0 35
time

Fig. 3. Solution of the (1/(x;))-modified optimal control problem {(A3), (B1)—
(B6)} for the one-dimensional horizontal motion of the guided point mass from
initial to final phase position in the case of the (A3)-modified quadratic 3uality

criterion minimization where Optimica-optimised value \f 7= t rh of

point motion final time in variable upper limit of integration in (1/(x;))-modified

minimized quadratic (A3)-functional is unknown in advance |\ rh)= ? and

the numerical value of (lf ): ((lf )3 )= ((tf )(JS))z 3.2 (S) was estimated

according to computational plots in Fig. 3, and where time ((t f )3 ) > ((t 7 )l )

Figs. 1,9, 15-18 show almost the same values of Modelica-
optimised final times.

orT T T

1.0
time

Fig. 4. Solution of the ((der(x;))"3)-and-(x"3)-modified optimal control
problem {(A4), (B1)-(B6)} for the one-dimensional horizontal motion of the
guided point mass from initial to final phase position in the case of the (A4)-
modified quality criterion minimization where Optimica-optimised value

t )= t fa of point motion final time in variable upper limit of integration

in ((der(x;))*3)-and-(u"3)-modified minimized (A4)-functional is unknown in

advance and the numerical value of tf = ((tf )4)2 ((tf )(J4))z 2.15 (S)

was estimated according to plots in Fig. 4, and where point motion time
((tf)4)> ((tf)l)‘

Comparison of the lower u-graphs in the calculated Fig. 1
and Fig. 3 allows us to compare the nature of switching of the
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u-control signal depending on the use of the nonlinear target

function Al (Fig. 1) or A3 (Fig. 3).

8o 05 10 15 20 25 3.0
time

Fig. 5. Solution of the power (1/2)-modified optimal control problem {(A5),
(B1)-(B6)} for the one-dimensional horizontal motion of the guided point mass
from initial to final phase position in the case of the (AS5)-modified quadratic
quality criterion minimization where Optimica-optimised value of point motion
final time in variable upper limit of integration in power (1/2)-modified
minimized quadratic iAS)-functional is unknown in advance and the numerical

value of (tf)Z (tf )5): ((tf )(JS))z 2.52 (S) was approximately

estimated according to computational plots in Fig. 5, and where point motion

time tf 5)> tfl .

Figs. 4, 810 show only initial oscillations of u(#)-signal.

[==]
ofTrrrrITT
g T S N N
o

N
o

Fig. 6. Solution of the power (1/3)-modified optimal control problem {(A6),
(B1)-(B6)} for the one-dimensional horizontal motion of the guided point mass
from initial to final phase position in the case of the (A6)-modified quadratic

criterion ~ minimization where  Optimica-optimised  value

uality
Tt 7= t s of point motion final time in variable upper limit of integration

in power (1/3)-modified minimized quadratic (A6)-functional is unknown in
advance and the numerical value of (t f)= ((t 7 ) 6): k(t 7 )( J 6))z 1.9 (S)

was estimated according to plots in Fig. 6, and where point motion time
((tf ’ )6 ) > ((tf ’ )1 ) :

The jump-like switching of the u-control signal in Fig. 1 from
the minimum value # mix to the maximum value u max Occurs in
the form of a u-step rising from left to right with horizontal
bases. The jump-like switching of the u-control signal in Fig. 3
from the maximum value u"ma to the minimum value " min

occurs in the form of a u-step descending from left to right with
hyperbolic bases.

x1
(=]
T T T T

3o 0.5 1.0 15 2.0 25
time

Fig. 7. Solution of the power (1/3)-modified optimal control problem {(A7),
(B1)-(B6)} for the one-dimensional horizontal motion of the guided point mass
from initial to final phase position in the case of the (A7)-modified quadratic
quality criterion minimization where Optimica-optimised value of point motion
final time in variable upper limit of integration in power (1/3)-modified
minimized quadratic (A7)-functional is unknown in advance and the numerical

value of lf = ((tf )7 )= ((lf )(17) ) ~2.2 (S) was approximately estimated

according to computational plots in Fig. 7, and where point motion time

(), )> (e ))

Figs. 9-12, 15-19 show rather central oscillations of u(%)-
signal.
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o
T T

I
N
(==}
o

11
e
NN

T

X2

1
o
o

<=3
o[ T T T T
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38.0 0.5 1.0 15 2.0 2.5
time

Fig. 8. Solution of the (x;xx,xu*)-modified optimal control problem {(AS8),
(B1)-(B6)} for the 1D horizontal motion of the guided point mass from initial
to final phase position in the case of the (A8)-modified multiplicative 3uality

criterion minimization where Optimica-optimised value {f 7= t rk of

point motion final time in variable upper limit of integration in (x;*x;xu?)-

modified minimized (A8)-functional is unknown in advance (| k)= ? and

the numerical value of (tf): ((tf )8 ): ((l‘f )(JS))z 2.35 (S) was estimated

according to plots in Fig. 8, and where point motion time ((tf )8 )> ((tf )1 )

It is important to note that Figs. 1, 9, 15-18 visualise
practically very similar trends in the controlled motion of a
material point with close values of the motion time
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tg"=1.65[s] in Figs.1,9; tm =1.7[s] in Figs. 16, 18;
tan” = 1.75 [s] in Fig. 15 and ¢4" = 1.78 [s] in Fig. 17.

—38.0 0.2 0.4 0.6 0.8 1.0 12 14 16 18
time

Fig. 9. Solution of the ((d(x;)/d)x(d(x,)/df))*u-modified optimal control
problem {(A9), (B1)-(B6)} for the 1D horizontal motion of the guided point
mass from initial to final phase position in the case of the (A9)-modified
multiplicative quality criterion minimization where optimised value

t 7= t o of point motion final time in variable upper limit of integration
in ((d(x1)/dt)Xid(xzj/dt))xu—modiﬂed minimized (A9)-functional is unknown in

advance t 1o =? and the numerical value of

(tf)= ((Zf )9)= ((tf )(J9))z 1.67 (S) was estimated according to plots in

Fig. 9, and where point motion time ((t r )9 )Z ((t r )1 )

Figs. 9 and 10 show both initial and central oscillations of
u(t)-signal.

2.0

Fig. 10. Solution of the (((x;)'— u)'*(d(x;)/df)")-modified optimal control
problem {(A10), (B1)-(B6)} for the 1D horizontal motion of the guided point
mass from initial to final phase position in the case of the (A10)-modified
multiplicative quality criterion minimization where optimised value
(tf ) = ((l‘ 7 )1 0 ) of point motion final time in variable upper limit of integration
in (((x;)" — u)'x(d(x;)/d#)")-modified minimized (A10)-functional is unknown in
advance

. =9
t 7 ho ! and the value of

(lf )= ((tf )10 )= ((tf )(JIO))z 1.9 (S) was estimated according to plots in

Fig. 10, and where point motion time ((l‘f )10 )> ((tf )l )

All the “middle” x;-graphs in Figs. 1,9, 15-18 “tend to
reproduce” the same “V”-like shape of the piecewise linear

velocity graph (Figs. 1, 9), and the x;-graphs in Figs. 15-18
approximate the degree of the lower inflection rather in the form
of a “W”-like shape.

?).G 0.5 1.0 15 2.0 25 3.0 35
time

Fig. 11. Solution of the (((x;)* — u)*<((d(x;)/d?)* — u))-modified optimal control
problem {(Al1), (B1)-(B6)} for the 1D horizontal motion of the guided point
mass from initial to final phase position in the case of the (All)-modified
multiplicative quality criterion minimization where optimised value

(t f ) = ((t 7 )1 | ) of point motion final time in variable upper limit of integration

in (((x;)* — u)®>*((d(x;)/d?)* — u))-modified minimized (Al1l)-functional is
tf )= ? and the
(lf )= ((Zf )1 )= ((tf )(Jl 1))% 33 (S) was estimated according to plots in
Fig. 11, and where point motion time ((t f )l | )> ((t 7 )l )

unknown in advance numerical value of

Figs. 7, 20 show rather final oscillations of u(#)-signal.

ﬁ?).() 0.5 1.0 15 2.0 2.5 3.0 3.5
time

Fig. 12. Solution of the (((x;)* — u)**((d(x;)/df)* + u))-modified optimal control
problem {(A12), (B1)-(B6)} for the 1D horizontal motion of the guided point
mass from initial to final phase position in the case of the (A12)-modified
multiplicative quality criterion minimization where optimised value

t 7= t o of point motion final time in variable upper limit of integration

in (((x)? — u)*>((d(x;)/df)* + u))-modified minimized (A12)-functional is
Zf s =7 and the

(l‘ ): ((tf )12)2 ((tf )(le)): 33 (S) was estimated according to plots in

Fig. 12, and where point motion time ((tf )1 )> ((tf )1 )

unknown in advance numerical value of
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All u-graphs in Figs. 1,9, 15-18 “tend to reproduce” the
same shape of the “rising” step of the control signal (Figs. 1, 9),
and the u-graphs in Figs. 15-18 approximate the shape of the
“ascending” step in the form of two successively increasing
steps, but with a lower “pit” between them.

%.O 0.5 1.0 15 2.0 2.5 3.0 3.5
time

Fig. 13. Solution of the ((x;)**(x2)**u?)-modified optimal control problem
{(A13), (B1)-(B6)} for the 1D horizontal motion of the guided point mass from
initial to final phase position in the case of the (A13)-modified multiplicative

criterion ~ minimization where  Optimica-optimised  value

uality
Ctt )= t s of point motion final time in variable upper limit of integration

in ((x))*(x2)*xu?)-modified minimized (A13)-functional is unknown in

. =9
t‘/ 3 ! and the value of

(tf )= ((tf )1 )= ((tf )(JIS))z 3.35 (S) was estimated according to plots in

Fig. 13, and where point motion time ((l‘ f )13 ) > ((t 7 )1 ) .

advance numerical

=15 7
ﬁlg
10

6L
2
0

a4

%o 0.5 1.0 15 2.0 25
time

Fig. 14. Solution of the (((x,)* + u)**((d(x;)/df)* + u))-modified optimal control

problem {(A14), (B1)-(B6)} for the 1D horizontal motion of the guided point

mass from initial to final phase position in the case of the (Al4)-modified

multiplicative quality criterion minimization where optimised value

t )= t fha of point motion final time in variable upper limit of integration
in ((()* + u)?><((d(x;)/d?)* + u))-modified minimized (A14)-functional is

unknown in advance t S ha =? and the numerical value of

(t ): ((tf )14)2 ((tf )(Jl4)): 33 (S) was estimated according to plots in

Fig. 14, and where point motion time ((tf )1 )> ((tf )1 )

More complex geometrically nonlinear forms of two
“sequentially rising” curved-curvilinear “ascending” steps of
the u-control signal in Figs. 15-18 obviously influence the
nature of the lower breaks of the x»-velocity graph, transforming
the “V”-shaped form of velocity profile in Figs. 1, 9 into the
“W”-shaped form of velocity in Figs. 15-18.

ﬁB?).G 0.2 0.4 0.6 0.8 1.0 12 1.4 16 18
time

Fig. 15. Solution of the (((x;)® — u)'*(d(x;)/d¢)*)-modified optimal control
problem {(A15), (B1)-(B6)} for the 1D horizontal motion of the guided point
mass from initial to final phase position in the case of the (A15)-modified
multiplicative quality criterion minimization where optimised value

(t_ 7 ) = ((t 7 )1 5 ) of point motion final time in variable upper limit of integration

in (((x;)* — u)'x(d(x;)/d¢)*)-modified minimized (A15)-functional is unknown in

((tf s =? and the numerical value of

advance

(t ): ((tf )15 )= ((tf )(JIS))z 1.75 (S) was estimated according to plots in

Fig. 15, and where point motion time ((tf )1 )2 ((tf )1 )

time

Fig. 16. Solution of the (((x;)*+ u)'x(d(x;)/d?)*)-modified optimal control
problem {(A16), (B1)-(B6)} for the 1D horizontal motion of the guided point
mass from initial to final phase position in the case of the (A16)-modified
multiplicative quality criterion minimization where optimised value

t )= t /e of point motion final time in variable upper limit of integration

in (((x;)® + u)'*(d(x;)/df)*)-modified minimized (A16)-functional is unknown in
= ‘7

t_ rhe)=" and the

(t )= ((tf )16): ((tf )(Jlé))z 1.7 (S) was estimated according to plots in

Fig. 16, and where point motion time ((tf )16 )Z ((tf )1 )

advance numerical value of
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The obvious geometric similarity of the graphs in Figs. 1, 9,
15—18 allows us to make a completely non-obvious nonlinear-
dynamic conclusion about both the variational-optimisation and
the mechanical-geometric similarity of the nonlinear objective
functions (Al), (A9), (A15)—(A18), written in the form of the
corresponding minimized functionals.

=
o
T
=

1
[
==}
o[ T T T T T

—3%.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 18
time

Fig. 17. Solution of the (((x,)* - u?)'x((d(x;)/d?)* — u?))-modified optimal
control problem {(A17), (B1)—~(B6)} for the 1D horizontal motion of the guided
point mass from initial to final phase position in the case of the (A17)-modified
multiplicative quality criterion minimization where optimised value

t )= t hs of point motion final time in variable upper limit of integration
in (((x) — v?)'%((d(x;)/df)’ — u?))-modified minimized (A17)-functional is

unknown in advance value of

(tf)z ((tf )17 )= ((tf )(J”))z 1.78 (S) was estimated according to plots in

Fig. 17, and where point motion time ((l‘ 7 )l 7 )Z ((lf )l )

). )=2 i
t 1 7/ and the numerical

!
~
==}
o[ T T T T T

X2

time

Fig. 18. Solution of the (((x;)* + u?)'*((d(x;)/dt)’ + u?))-modified optimal
control problem {(A18), (B1)—~(B6)} for the 1D horizontal motion of the guided
point mass from initial to final phase position in the case of the (A18)-modified
multiplicative quality criterion minimization where optimised value

t )= t rhs of point motion final time in variable upper limit of integration
in (((x)° + u®)%((d(x,)/dt)’ + u*))-modified minimized (A18)-functional is
unknown in t fhs)= ? and the

advance value of

(lf)= ((lf )18 )= ((tf )(JIS))z 1.7 (S) was estimated according to plots in

Fig. 18, and where point motion time ((tf )18 )Z ((tf )1 )

numerical

It should also be noted that there is a certain geometric
similarity between Figs. 1, 4, 8, 10, 19, 20, which also “tend to
reproduce” the “V”-like shape of the piecewise linear velocity
graph, but with a more “floating” time scale of the movement
of the controlled point compared to the final time in Fig. 1.

=20}
_ i i i i i
38.0 0.5 10 15 2.0 25 3.0

Fig. 19. Solution of the (((x))*— u)'x(d(x;)/df)*)-modified optimal control
problem {(A19), (B1)-(B6)} for the 1D horizontal motion of the guided point
mass from initial to final phase position in the case of the (A19)-modified
multiplicative quality criterion minimization where optimised value

t )= t I ho of point motion final time in variable upper limit of integration
in (((x)* — u)'x(d(x;)/df)*)-modified minimized (A19)-functional is unknown in
advance Ly o )= ? and the

value of
(tf)= ((lf )19)= ((tf )(119))2 2.7 (S) was estimated according to plots in

Fig. 19, and where point motion time ((tf )19 )> ((t 7 )] )

numerical

Fig. 20. Solution of the (exp((—1)>x1))*(sin((z—1)?))-modified optimal control
problem {(A20), (B1)-(B6)} for the 1D horizontal motion of the guided point
mass from initial to final phase position in the case of the (A20)-modified
multiplicative quality criterion minimization where optimised value

t 7= t fho of point motion final time in variable upper limit of

in  (exp((—=1)xx)))x(sin((u—1)?))-modified minimized (A20)-
functional is unknown in advance || 1 ho

(tf)= ((tf )2 )= ((tf )(JZO))z 2.05 (S) was estimated according to plots
in Fig. 20, and where point motion time ((t 7 )20 ) > ((t 7 )1 )

integration

=7 and the numerical value of
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The described instructional approach proposes twenty
J-dependent computational assignments (Figs. 1-20, [34]) for
the particular states (B5) and constraints (B6), which were
schematically shown in Fig. 21. The central switches of control
u(t)-signal are observed in Figs. 1-3, 8-20.

x(t) = x,(O)[m]

y V(L) = x2(t)[m/s]
X F(t) = u(t)[N]
—_—
N i -_— —
M| V, F
0 [ G=t>—> X1
. X
mgE v (a)
Vitlxg [ Of Loy | Vg lay
v, mop L Y v mop

e Qm%
iy Q\

Y
—_— 7 ﬁ - Y

X1 == ZO[m] 0 X9 = +20[m] x
V| = 10[m/s] [Vo| = 15[m/s]
ty =71s] (b) tﬂ(, = 0[s]

Fig. 21. Dynamic (a) and kinematic (b) schematics for u(f)-guided material
particle motion from right to left (b), geometrically illustrating the numerical

values of {xlo; xzo} -states (B2), (B5) and X175 Xor -constraints (B3),
(B6) in Table 1 for Modelica-derived computational Figs. 1-20, when the u(f)-

driven point moves from right to left from the initial to the final phase position
without additional stops during one-dimensional u(#)-controlled motion.

V. DISCUSSION

Sokolov’s optimisation textbook proposes rather complex
structures (shapes) of minimized functionals J for individual
student assignments at pp. 206210 of [38]. However, Sokolov
works only with upper “A”-level of controlled dynamics and
completely ignores lower “B”-level of guided dynamics [38].
Therefore, Sokolov’s approach provides neither plots nor any
visualisation of complex shapes of Sokolov-proposed J-
structures even for the simplest case of linear motion of a
material particle. Absence of visualisations raises additional
questions concerning stability and admissibility of Sokolov-
proposed J-shapes, etc.

However, it is much more understandable and useful for
engineering students to keep problem-admissible J-shapes of
minimized functionals as simple as possible ((A1)—(A20), [34])
but to construct J-dependent optimisation problem completely
with simultaneous mandatory assignment of both quality
criterion ((A1)-(A20)) and the governing differential equations
(B1) together with initial conditions (B2) & (B5), boundary
conditions (B3) & (B6), and problem-related constraints on the
state (phase) variables and/or control signal (B3) & (B6)
(Table I and Figs. 1-21).

In contrast to Sokolov’s approach [38], Perig supposes that it
is much more useful to keep J-shapes as simple as possible but
to solve J-dependent problem completely with Modelica
freeware-derived visualisation of every particular J-shape on J-
dependent plots for the phase (state) variables {xi;x»} and
control signal u in the simplest case of linear motion of material
particle [34].

It is possible to expand the current twenty problems in the
individual student work proposed by the author in Figs. 1-20
with sixty additional computational assignments.

In particular, the additional twenty schemes in possible
Figs. 1"-20" (with one stop on the right) to the twenty
considered in Figs. 1-20 (with no stops) arise through the
kinematic implementation of one additional stopping point on
the right in Fig. 21 through the change of the initial velocity
sign from (x20<0) in (B2), (B5) to (x20>0), i.e., by assuming that
Xp0 = +15Tm/ s] . In this case, the above-mentioned
kinematically possible Figs. 1°-20", corresponding to the
presence of an additional stop on the right, are not given in this
study due to the limited volume of the manuscript. Within the
framework of this mathematical formulation, we understand
that the additional stopping point on the right “Stop-R” is the
extreme right point in the movement of a material particle and
is located to the right of the initial position “0” of the moving
material point, i.e., the horizontal Cartesian coordinate of the
stop on the right ((xz)Stop_R) is greater than the horizontal
Cartesian coordinate of the initial point of movement (x,,):
((xz )Stop—R > xzo)'

Another twenty calculation schemes to the forty mentioned
above can be obtained in new kinematically possible Figs. 1"~
20™, corresponding to the presence of one additional stop on
the left, which can be algebraically specified in Fig. 21 by
changing the sign of the final velocity x»r of material particle
from (x2r< 0) in (B3), (B6) to (xor> 0), i.e., by assigning a new
value x,, = +10[m/s] . Within the framework of this
mathematical formulation, we understand that the additional
stopping point on the left “Stop-L” is the leftmost point in the
movement of a material particle and is located to the left of the
final position “f* of the moving material point, i.e., the
horizontal Cartesian coordinate of the stop on the left
((xz )Stop_L) is less than the horizontal Cartesian coordinate of
the final point of movement \x, /) (x2 )Stop_L <Xyp).

Twenty more kinematically admissible calculation schemes
in Figs. 1"™-20"" to the sixty mentioned above can be
additionally formulated by simultancously kinematically
specifying both the first additional rightmost stopping point on
the right “Stop-R” and the second additional leftmost stopping
point on the left “Stop-L” in Fig. 21, which can be algebraically
specified by simultaneously changing the initial signs of both
the initial velocity of the material point (x,,) from minus
(x50 <0) to plus (x5 >0) in (B2), (BS5), i.e., by the first
alternative assignment of the first new value of the initial
velocity x;) = +15[m/ s] in (BS), and the final velocity of the
material point xyr from minus (x2r< 0) to plus (x2r> 0) in (B3),
(B6), i.e., by the second alternative assignment of the second
new value of the final velocity x,, = +10[m/s] in (B6).
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VI. CONCLUSION

The paper is focused on possible Modelica-supported
enhancement of guided particle dynamics curriculum both for
technical mechanics and industrial optimal control courses
through attracting additional student attention to more advanced
and non-obvious topics of rational J-performance index
selection techniques for the studied Newtonian dynamic
system. The further impact of student chosen structure of
minimized J-functional on Modelica-derived geometric
characteristics of the targeted transient process for student-
solved optimal control problem was computationally addressed
in the simplest case of one-dimensional rectilinear motion of u-
guided point mass. Twenty kinematically admissible J-
structures of Modelica-solvable minimized J-functionals were
proposed, formulated and comparatively {xi, x>, u} visualized
for linear J-dependent motion of a material particle with the
same initial conditions, boundary conditions and two first-order
differential equations of the second Newton law. Despite the
relatively simple constructs of the instructor-recommended J-
structures, the Modelica-enhanced instructional approach
proposed by the author substantially broadens student
understanding of J-performance index-dependent Newtonian
dynamics for u-guided material particle motion.

A. Engineering and Pedagogical Advantages of the
Practical Use of the Author’s Computational Approach

EPA1) A practical opportunity to provide student-centric
project-based learning for students of various specialties
through the successful completion by each student among the
target audience of a large-scale individual student assignment,
either within the framework of organising a computational
laboratory practical course, or within the framework of
conducting a course project, or within the framework of the
effective organisation of computational computer practice.

EPA2) A practical opportunity to introduce students to the
constructivist approach in both engineering and engineering
pedagogy. At the initial stage of their constructivist training,
each student learns to construct their own dataset according to
a template provided by the lecturer by carefully substituting
their numbers into prepared files, then recalculating each
individually prepared file using Modelica on their computer for
their numbers, and then comparing the student’s calculated
graphs with the graphs previously calculated in the instructor’s
dataset. According to the author’s optimistic hypothesis, at the
next stage of their constructivist education, some of the students
may begin to try their own hand at engineering attempts at
individual student construction of both more complex
differential equations with a large number of input terms with
the introduction of additional numerical values of physical
parameters, and in the construction of complex mathematical
expressions for minimized nonlinear objective functions that
provide non-obvious nonlinear dynamic trends in the optimal
control of the dynamic system being studied.

EPA3) A practical engineering and pedagogical opportunity
to expand the target audience’s specialised understanding and
demonstrate to students of various specialties the unity of
conceptual, methodological, and computational methods of

acausal programming, mathematical analysis, numerical
analysis, general physics, mathematical physics, theoretical
mechanics, analytical mechanics, variational calculus,
nonlinear dynamics, cybernetics, cyberphysics, systems theory,
systems analysis, model-based systems engineering, equation-
based systems engineering, nonlinear optimisation, and optimal
control for the effective solution of simple applied engineering
problems using free software.
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